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Abstract

I develop a new method for estimating production functions with labor-
augmenting technology and apply it to markup estimation. The method
imposes limited parametric restrictions and generalizes prior approaches
that rely on the CES production function. I first extend the canonical
Olley-Pakes framework assumptions to multidimensional productivity
and then develop an identification strategy based on a control variable
approach and first-order conditions. I use this method to estimate output
elasticities and markups in manufacturing industries in the US and four
developing countries. I find that neglecting labor-augmenting productivity
underestimates capital elasticity, overestimates variable input elasticity,

and overestimates markups in all countries.
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1 Introduction

Production functions play a central role in many areas of economics, including
research on firm productivity, input misallocation, and market power (Syverson
2011; Hsieh and Klenow 2009; De Loecker et al. 2020). Studying these topics
typically involves specifying a production function model and estimating it using
firm-level data. However, misspecified production functions can produce biased
estimates, which in turn lead to incorrect conclusions about various economic
questions. For example, biased capital elasticities might falsely suggest misalloca-
tion in an economy with efficient allocation (Haltiwanger et al. 2018), and biased
flexible input elasticities might generate incorrect markup estimates (Raval 2023).

Much of the empirical literature relies on factor-neutral productivity and para-
metric functional forms to estimate production functions (De Loecker and Syver-
son 2021). These assumptions impose theoretical restrictions that may not ade-
quately capture heterogeneity in firms’ production technologies. For instance, un-
der factor-neutral technology, productivity shocks do not generate any unobserved
heterogeneity in output elasticities. Similarly, the widely used Cobb-Douglas spec-
ification imposes a unitary elasticity of substitution among all input pairs.

In this paper, I develop a method to estimate gross production functions with
factor-augmenting productivity, and I examine its implications empirically. The
production function specification has two main features. First, it incorporates
labor-augmenting productivity in addition to the standard Hicks-neutral produc-
tivity. Second, it requires a minimal functional form assumption known as ho-
mothetic separability. Together, these features provide a flexible framework that
aims to capture heterogeneity in production technologies across firms.

To study factor-augmenting production functions, I make both methodological
and empirical contributions. Methodologically, I extend the canonical production
function estimation assumptions from Olley and Pakes (1996) to accommodate a
model with multidimensional productivity, and analyze this model’s identification
building on the existing literature (Doraszelski and Jaumandreu 2018; Raval 2019).
Empirically, I find that neglecting labor-augmenting productivity introduces biases
in output elasticities and markups across several datasets.

The paper establishes three main results in developing its identification strat-



egy. First, I show that, under cost minimization, labor-augmenting productivity
can be expressed as a function of inputs by inverting firms’ flexible input demand
functions. This result extends the approach of Doraszelski and Jaumandreu (2018)
to a nonparametric framework and enables controlling for labor-augmenting pro-
ductivity. The key assumption underlying this result is homothetic separability, a
condition that accommodates many of the commonly used parametric production
functions (Shephard 1953). Importantly, it is an economic rather than a statistical
restriction with clear implications for firm behavior.

Second, I develop a control variable approach for two-dimensional productiv-
ity, building on Imbens and Newey (2009). This approach exploits the timing as-
sumption for capital input and the Markov property of productivity shocks, both
of which are standard assumptions in the production function literature (Acker-
berg et al. 2015; Ackerberg et al. 2023). To implement the Imbens and Newey
(2009) approach, I show that under the modeling assumptions, the input demand
functions exhibit a triangular structure with respect to productivity shocks. This
structure overcomes the invertibility problems typically encountered in models
with multidimensional unobserved heterogeneity (Kasy 2011).

The third result provides an identification strategy for output elasticities. After
developing my control variable approach, I investigate which aspects of the pro-
duction function can be identified using input and output data. I first establish
that only the sum of the flexible input elasticities—rather than labor and mate-
rials elasticities separately—can be identified from variation in inputs and output
due to a functional dependence problem. To separately identify these elasticities,
I leverage the first-order conditions (FOCs) of firms’ cost minimization problem,
which imply that the ratio of the elasticities of two flexible inputs equals the ratio
of their revenue shares. Therefore, incorporating data on revenue shares of labor
and materials enables separate identification of the individual elasticities.

A notable advantage of using FOCs to identify the ratio of output elasticities
is that the resulting markup estimates from two different flexible inputs are identi-
cal. This feature addresses recent evidence that different flexible inputs often yield
conflicting markup estimates in Hicks-neutral production functions (Doraszelski
and Jaumandreu 2019; Raval 2023). I show that incorporating labor-augmenting

productivity into the production function provides a solution to this discrepancy.



Models with only Hicks-neutral productivity may lack the flexibility needed to cap-
ture variation in input ratios across firms, leading to conflicting markup estimates
from different inputs. Labor-augmenting productivity introduces an additional di-
mension of unobserved heterogeneity and makes the model internally consistent.
In my empirical applications, I apply the proposed method to estimate out-
put elasticities in manufacturing industries using Compustat data for the US and
plant-level data for Chile, Colombia, India, and Turkey. I compare the estimates
against three alternative production functions with varying levels of flexibility in
terms of functional form and unobserved heterogeneity: (i) Cobb-Douglas, (ii)
Translog with only Hicks-neutral productivity, and (iii) CES with both Hicks-
neutral and labor-augmenting productivity. The results suggest that the Cobb-
Douglas model underestimates capital elasticity by 29.7% and overestimates flexi-
ble input elasticity by 10.4% on average. Although CES and translog specifications
reduce these biases, neither fully eliminates them, highlighting the importance of
both relaxing parametric restrictions and incorporating unobserved heterogeneity.
Output elasticities often serve as key inputs for measuring various economic
outcomes. A prominent example is the production approach to markup estimation,
which has gained popularity in recent years (De Loecker and Warzynski 2012; De
Loecker et al. 2020). In this approach, markup is given by the output elasticity of a
flexible input divided by that input’s revenue share. Having documented biases in
elasticity estimates, I analyze how these biases propagate into markup estimates.
I find that the Cobb-Douglas model systematically overestimates aggregate
markups by 8.5 to 16.0 percentage points (pp) across countries compared to the ho-
mothetic labor-augmenting production function. This difference persists, though
smaller in magnitude, with more flexible specifications than Cobb-Douglas, such
as the Hicks-neutral translog or labor-augmenting CES production functions. A
decomposition analysis suggests two key drivers behind these results: (i) the Cobb-
Douglas model overestimates the average level of flexible input elasticity in the
economy, and (ii) it fails to capture the inverse relationship between firm size and
flexible input elasticity, thereby leading to higher markup biases for larger firms.
Next, [ examine how estimating a labor-augmenting production function affects
changes in markups by analyzing markup trends in US manufacturing. The results

suggest that the aggregate markup increased by 6.6 pp—from 1.35 in the 1960s to



1.41 in the 2010s—as opposed to the 18.0 pp increase implied by the Cobb-Douglas
specification. This result arises because the Cobb-Douglas model suggests min-
imal changes in production technology over time, whereas the labor-augmenting
production function indicates larger changes in flexible input elasticities.
Although this paper introduces unobserved heterogeneity in production func-
tions, several limitations remain. First, the model does not allow for unobserved
demand shocks, as they increase the dimensionality of unobserved heterogeneity
and violate the invertibility of input demand (Ackerberg and De Loecker 2024).
Despite this limitation, I show that the model is consistent with a broad range
of demand systems that follow an aggregative game structure (Nocke and Schutz
2018). Second, the paper does not address other key challenges in production
function estimation, such as multi-output firms, unobservability of input prices,
and distortions in input markets (De Loecker and Syverson 2021). Third, as Bond
et al. (2021) note, markup estimation requires data on physical output rather than
revenues, which are available only in one of my datasets. Nevertheless, by leverag-
ing the limited data on quantities and input prices as well as simulation exercises,
I provide empirical evidence suggesting that these concerns are unlikely to drive

the main patterns I observe when comparing production function models.

Contribution to the Literature. This paper extends the literature on pro-
duction function estimation with proxy variables by integrating factor-augmenting
productivity into the production function (Olley and Pakes 1996; Levinsohn and
Petrin 2003; Ackerberg et al. 2015; Gandhi et al. 2020). My approach builds on
these studies, but differs from them by using the FOCs of cost minimization and
employing the control variable method of Imbens and Newey (2009).! The main
distinction in my use of FOCs compared to Gandhi et al. (2020) is that I require
two flexible inputs rather than one. Additionally, this paper relates closely to
Ackerberg et al. (2023) and Pan (2024), who apply the control variable approach
to production functions with a single but fully non-separable productivity shock.

Three recent papers have studied factor-augmenting technology and its impli-

cations (Doraszelski and Jaumandreu 2018; Raval 2019; Zhang 2019). Common

!The proxy and control variable approaches are sometimes used interchangeably in the literature.
In this paper, the proxy variable approach refers to the method of Ackerberg et al. (2015), while
the control variable approach refers to the Imbens and Newey (2009) approach.



features of these papers are the CES production function and firm-level variation
in input prices. They exploit parameter restrictions between the production and
input demand functions, inverting the latter to recover factor-augmenting pro-
ductivity. I contribute to this literature by relaxing the CES assumption and
analyzing identification with or without input price variation.

This paper also relates to the growing literature that studies the properties of
the production approach to markup estimation. Raval (2023) finds that different
flexible inputs produce conflicting markup patterns and suggests labor-augmenting
productivity as a potential solution. Using US Census data, Foster et al. (2024)
find evidence that production function estimation at a more granular level leads
to smaller increases in markups over time. Doraszelski and Jaumandreu (2023)
emphasize the importance of controlling for demand in production function esti-
mation. Finally, Bond et al. (2021) show that revenue data alone do not identify
markups, while De Ridder et al. (2025) argue that such data can inform markup
dispersion under certain assumptions. I contribute to this literature by analyzing

how allowing for labor-augmenting technology affects markup estimation.

2 Production Function Model

This section introduces a production function model and provides its assumptions.

2.1 Production Function with Labor-Augmenting Technology

Firm 2 produces output at time ¢ using three inputs—capital, K;;; labor, L;; and

materials, M;—according to the following production function:
Yie = Fy(Ky, wiliLz‘t; M) eXp(w{f) exp(€ir), (2.1)

where Y;; denotes the output produced by the firm. The production function
is ndustry-specific and time-varying, meaning that firms in the same industry
share a common functional form that can change over time. The production func-
tion includes two unobserved productivity terms: labor-augmenting productivity,
wk € R,, which increases the effective unit of labor input, and Hicks-neutral
productivity, wf € R, which raises the output level for any input composition.

Finally, ¢; € R is a random shock to output.

I assume that labor and materials are flexible inputs, meaning that the firm



chooses them each period after observing its productivity shocks, and their levels

2 (Capital, in contrast, is a predetermined input,

do not affect future production.
chosen one period ahead of production. Each period, the firm chooses its flexible
inputs to minimize production costs for a profit-maximizing target output, given
its information set Z;;. The information set includes productivity, capital stock,
and other relevant variables observed by the firm. The shock €;; is independent of
the information set and can be interpreted as an ex-post productivity shock.

I assume that firms are price-takers in the input market. In the output mar-
ket, the model allows for imperfect competition but imposes certain restrictions
on product market competition to reduce the dimensionality of unobserved het-
erogeneity, as discussed later in this section. The baseline model assumes uniform
input prices across firms for labor and materials (pl, p*), while Online Appendix
A extends the model to include heterogeneous input prices.

One limitation of the model is that it incorporates factor-augmenting pro-
ductivity only for labor, implying that there are no capital- or materials-specific
productivity terms in the production function. More broadly, the results in this
paper accommodate factor-augmenting productivity for only one flexible input. I
focus on labor-augmenting productivity because its variation can capture cross-
firm differences in labor productivity due to various factors, such as differences
in firms’ management practices and human capital. Since these factors are often
unobserved in production datasets, it is natural to model them as unobserved
heterogeneity.

Labor-augmenting productivity relaxes certain restrictions on firms’ produc-
tion technology imposed by Hicks-neutral production functions. For example, in
the case of the Cobb-Douglas form, relative revenue shares of flexible inputs must
be uniform across firms. Even more flexible functional forms (e.g., the Hicks-
neutral translog) can be restrictive as they do not allow for unobserved variation
in output elasticities. Accounting for this variation is important because the liter-

ature has shown large heterogeneity across firms and a decline over time in labor

2The flexible labor input assumption may be strong due to potential adjustment costs. Whether
labor is a flexible input depends on its measurement (e.g., hours worked vs. employees), specific
industry, and country, so the plausibility of this assumption depends on the specific setting. In
my empirical application to manufacturing, where the workforce mainly consists of production
workers, this assumption is more plausible than in industries dominated by white-collar workers.



share in many economies. These trends are linked to within-industry changes
(Autor et al. 2020), and heterogeneity in production technology is proposed as a
mechanism (Oberfield and Raval 2021).

2.2 Assumptions

This section presents assumptions and discusses their implications. The first as-
sumption introduces a homothetic separability restriction, while the subsequent
assumptions pertain to firm behavior and productivity shocks, extending the stan-
dard Markov and monotonicity assumptions to a setting with two-dimensional
productivity. Throughout the paper, I assume that all functions are continuously
differentiable as needed and all random variables have continuous and strictly

increasing distribution functions.

2.2.1 A Homothetic Separability Restriction

I start by providing a set of conditions under which labor-augmenting productivity
can be expressed as a function of firms’ inputs. Let oy( Ky, wk Ly, M;;) represent

the elasticity of substitution between labor and materials.?

Assumption 2.1 (Homothetic Separability). Suppose that:

(i) The production function satisfies the following functional form
Yy = Ft(Kita ht(meiLth’t, Mzt)) eXP(Wg) eXp(Eit)~ (2-2)

(i) hi(Ky,-,-) is homogeneous of arbitrary degree for all Kj.

(i13) o( Ky, wh Lis, My) is everywhere greater than 1 or everywhere less than 1.

Assumption (i-ii) are called homothetic separability (Shephard 1953), and it
is the key assumption of the paper. It states that the production function is
separable in K;; and a composite input ht(Kit,wilgLit,Mit) that is homogeneous
of arbitrary degree in labor and materials. Homothetic separability commonly
appears in models of consumer preferences and production functions (Lewbel and
Linton 2007). It has two main economic implications. First, production can be
conceptualized in two stages, where hy(-) is treated as an ‘intermediate input’
with its own production function. Second, the homotheticity of h;(-) implies that

jointly scaling labor and materials inputs is equivalent to scaling h;(-). Therefore,

3The formal definition of elasticity of substitution appears in Equation (A.7) of Appendix A.



instead of jointly optimizing labor and materials, the firm can first choose the
optimal materials-to-labor ratio and then determine the optimal scale of h(-).
This two-stage optimization simplifies the firm’s cost minimization problem.
Assumption 2.1(iii) states that labor and materials are either everywhere sub-
stitutes or everywhere complements. In a nonparametric production function, the
degree of substitutability among inputs can vary with their levels, so this assump-
tion rules out cases where labor and materials switch between substitutes and

complements. Next, I provide two parametric forms that satisfy Assumption 2.1.

Examples (CES and Nested CES). The CES production function is given by:
Yie = (BeKl + Blwh Ll + (1= Be — B)ME)""” exp(wl]) exp(ei).

Assumption 2.1 nests the CES production function with h,(-) = £ [wiLtLit}p +(1—
Br — Bi)M£,, which is homogeneous of degree p and has elasticity of substitution
o =1/(1 — p). The CES specification has been widely used in the literature to
study factor-augmenting technology (Doraszelski and Jaumandreu 2018). A more
flexible functional form with homothetic separability is the nested CES:

Yy = (ﬁng + (1= B) (Bi[wELa]™ + (1 — B)ME)"™ )”/ ’ exp(w!l) explea),

where labor and materials are nested with elasticity of substitution 1/(1 — p;).*?

Assumption 2.2 (Cost Minimization). The firm minimizes static production
costs of producing target output Yy with respect to (L, M) given Ky, produc-

tivity shocks (wk, wi), and input prices (pl, pi*).

Lmk? p,lfLit +pi"My st Ft<Kit7ht(Kit>Wil£Lit>Mit)) eXp(wg)&t > Y, (2.3)

where &;; := Elexp(ey) | Ziz].° Under cost minimization, the firm chooses its level
of flexible inputs to minimize the cost of producing its profit-maximizing target
output Yj;, which can deviate from observed output Y;; due to the unanticipated

shock €. The firm determines Y;; by setting marginal revenue equal to marginal

4Note that in this example, as p; — —oo, the production function approaches Leontief in materials
and labor, so the model can approximate the Leontief production function.

5Homothetic separability is not satisfied by all parametric production functions. For example,
the CES production function with nested capital and labor violates this property. Nadiri (1982)
provides additional examples and discusses properties of non-homothetic production functions.

6Since ¢;; is independent of Z;;, E[exp(e;t)|Zi;] becomes constant and does not affect the cost
minimization problem of the firm.



cost, so it depends on factors affecting marginal revenue, such as demand shocks
(Doraszelski and Jaumandreu 2023; Ackerberg and De Loecker 2024). As I discuss

later, this dependence imposes certain restrictions on product market competition.

Proposition 2.1.
(i) Under Assumptions 2.1(i-ii) and 2.2, the optimal flexible input ratio, denoted
by My = M/ Lis, depends only on Ky and wh through an unknown function ry(-):

Mit = Tt(Kita wlLt) (24)
(i1) Under Assumption 2.1(iii), ri( Ky, wk) is strictly monotone in wk.

The proof is provided in Appendix A. Part (i) of the proposition states that
the firm’s cost-minimizing flexible input ratio is a function of only K;; and labor-
augmenting productivity wh. This result follows directly from the homotheticity
assumption: the relative marginal product of materials and labor depends only on
their ratio, not on their levels, and it is unaffected by the Hicks-neutral produc-
tivity wil. Note also that M;; depends on the input price ratio, which is captured
by the time subscript in 7,(-) as input prices are assumed constant across firms.”

Part (i) establishes that r, (K, w}) is strictly monotone in w}. Strict mono-
tonicity implies that as labor-augmenting productivity w’ increases, the materials-
to-labor ratio consistently moves in a single direction. This direction is determined
by the elasticity of substitution, as changes in wX alter the relative marginal prod-
ucts of materials and labor. Since these inputs are assumed to be either substitutes
or complements everywhere, an increase in w’ affects their ratio monotonically.®

To relate these results to parametric production functions, note that under
CES, r(Ky,wk) has a log-linear form in w: log(My) = v + alog(pi/m) + (1 —

o) log(wk), where p/™

is the input price ratio and ~ is a constant that depends
on the parameters (3, ). The literature commonly uses this relationship to
estimate labor-augmenting productivity, exploiting the linear separability of wk
in the input demand function under the CES form and variation in input prices

(Doraszelski and Jaumandreu 2018; Raval 2019). Thus, this paper extends the

"For the M;, function under time-varying input prices, see Equation (OA.1) in Online Appendix
A.

8 Another common assumption in production functions is Leontief, where inputs are perfect com-
plements. In this case, r:(-) becomes a multiplicative function of w{; conditional on Kj;.



CES framework to an arbitrary functional form (subject to Assumption 2.1) and

shows that invertibility holds under more general conditions.?>°

2.2.2 Other Assumptions

The remaining assumptions extend the commonly used production function esti-

mation assumptions to accommodate labor-augmenting technology.

Assumption 2.3 (First-Order Markov). Productivity shocks follow an exogenous

joint first-order Markov process: P(wh, wi | Tiy_1) = P(wk, wi | wh | Wi ).

This assumption extends the standard first-order Markov property to a joint one
to accommodate two-dimensional productivity. Importantly, it does not constrain
the joint distribution of productivity shocks or their first-order dynamics, allowing

productivity shocks to be arbitrarily correlated with one another.

Assumption 2.4 (Timing). The firm’s capital stock evolves according to K; =
(1 =0)Ki—1 + Iy_1, where I;;_ denotes investment made by firm i during period

t —1 and 0 denotes the depreciation rate.

Firms choose their capital one period ahead, before observing current productivity.
Thus, K;; belongs to the firm’s information set in period ¢t — 1, that is, K;; € Z;_1.

Assumption 2.5 (Monotonicity). Firms’ materials demand is given by

Mit - St(Kitvwi}tI7wiLt/)7 (25)

where s;(Ky,wl wh) is an unknown function that is strictly increasing in wil.

Introduced by Levinsohn and Petrin (2003), this assumption states that holding
all else constant, more productive firms have higher materials demand. Moreover,

the input demand function depends only on capital stock and productivity shocks.

9CES may not be restrictive for certain empirical questions—for example, when studying the
elasticity of substitution—as it provides a first-order approximation to any production function
with separability (Doraszelski and Jaumandreu 2018).

10Note that 7(-) is not completely unknown, as it is derived from the production function (see
Equation (A.5) in Appendix A). In my model, unlike in a parametric setting, the relationship
between r(-) and the production function is complex, involving inverse functions. This com-
plexity prevents the application of additional restrictions on r.(-) that a parametric specification
could allow. For example, under the CES assumption, the estimation of r;(-) gives the elasticity
of substitution parameter, whereas this is not possible in my specification.

10



To understand the underlying conditions under which this assumption holds,
consider the firm’s cost minimization problem in Equation (2.3). Under cost min-
imization, the firm’s input demand depends on its profit-maximizing output level,
Y, which itself is influenced by demand shifters and the form of competition in
the product market. Therefore, a natural question is under which product market
assumptions the firm’s profit-maximizing output Y;; depends solely on its own cost
determinants (K, w/, wk), thereby ensuring that Assumption 2.5 holds.

I examine this question in Online Appendix B and show that firms’ materi-
als demand follows the form in Equation (2.5) under two conditions. The first
condition requires the competition game to be symmetric (up to observables if
one conditions on them). Symmetry implies that there is no unobserved firm-
level heterogeneity in firms’ residual demand; otherwise, the materials demand
function would involve firm-specific unobserved demand shocks, violating the two-
dimensional unobserved heterogeneity structure required for identification.

The second condition requires the competition game to be aggregative (Jensen
2018; Nocke and Schutz 2018). Even in symmetric competition games, a firm’s
output choice Y;; may depend on competitors’ productivity shocks, violating the
assumption of two-dimensional unobserved heterogeneity in materials demand.
Aggregative games, however, have the property that a firm’s profit depends on its
rivals’ actions only through industry-level aggregate variables. By leveraging this
property, I show that when the game is aggregative, a firm’s profit-maximizing
output depends solely on firm-specific cost factors (Ky;, wk, w!) and industry-
level aggregates common to all firms, represented by the time index ¢ in materials
demand function s(+). I further show that some standard imperfect competition
models—symmetric Cournot, Bertrand competition with logit and CES demand
systems, and monopolistic competition—can be formulated as aggregative games,
leading to the materials demand function in Equation (2.5).11 A key condition for
these results is a weakly convex static cost function, which allows for non-constant

marginal cost and is empirically supported by the estimates reported in Section 6.

The class of symmetric aggregative games is quite restrictive, as it excludes

HThe application of aggregative game theory to imperfect competition models is used extensively
in the literature (Caplin and Nalebuff 1991; Anderson et al. 2020). My analysis relies on these
papers and extends some of their results to non-constant marginal costs.

11



many prominent demand models in industrial organization (I0), including random
coefficient logit models. However, tools from aggregative game theory have proven
useful in IO recently to reduce the dimension of many complex problems (Nocke
and Whinston 2022; Caradonna et al. 2025). Incorporating imperfect competition
into production function estimation remains an active area of research; see Acker-
berg and De Loecker (2024) for a full treatment of various imperfect competition

models in production function estimation.!?
2.3 Invertibility: Expressing Productivity Shocks Using Inputs

Proposition 2.1 provides the sufficient conditions—monotonicity and scalar unob-

served heterogeneity—to invert out w’ using the flexible input ratio:

wiy =y (Ko, My) = 7o(Ky, My). (2.6)

Similarly, Assumption 2.5 provides a monotonicity condition for wi! using the

materials demand function in Equation (2.5). Inverting Equation (2.5) yields

wh = s; (K, My, wk). Substituting for w’ from Equation (2.6) gives:
Wﬁ = St_l(Kz‘t, My, 7 (K, Mzt)) = 5(Kyy, My, Mzt) (2.7)

Equations (2.6) and (2.7) demonstrate that, under the modeling assumptions and
optimal firm behavior, unobserved productivity shocks can be written as unknown
functions of inputs. Invertibility is a common feature in the production function
literature, which uses observables, such as investments or materials, to control for
unobserved productivity (Ackerberg et al. 2015). In the next section, I apply these

invertibility results to develop a control variable approach to address endogeneity.

3 A Control Variable Approach to Production Functions

This section uses the Markov and timing assumptions to construct a control vari-
able for each productivity shock. I build on the identification method proposed by
Imbens and Newey (2009) for non-separable models with a scalar unobservable,
which has recently been applied to production function estimation (Ackerberg

et al. 2023; Pan 2024). T extend this control variable approach to accommodate

12 Another key element of Assumption 2.5 is monotonicity of materials demand in wf!. The re-

lationship between input demand and productivity is complex because it depends on both the
demand curve and the firm’s cost function.

12



multi-dimensional productivity by leveraging two insights. First, the Markov and
timing assumptions imply a statistical independence condition that is necessary to
apply the Imbens and Newey (2009) approach. Second, the triangular structure of
the input demand functions in Equations (2.4) and (2.5) enables the use of control

variables in the presence of multidimensional productivity.

3.1 Control Variable for Labor-Augmenting Productivity

We can relate labor-augmenting productivity to lagged productivity as follows:
L L H 1 1, L H
Wit = gr(Wir—_1, Wig_1, Uit Uy | wig_q, wiz—1 ~ U0, 1). (3.1)

This representation of wk holds without loss of generality and follows from
the Skorokhod representation of random variables (Chernozhukov and Hansen
2008). Here, gr(wk |,wi |, 7) represents the 7-th conditional quantile of w% given
(wk |, wl ), so ul can be interpreted as firm 4’s productivity rank among firms
with the same lagged productivity. Another way to interpret u}, is as the unan-
ticipated innovation to wk. Unlike the standard definition of “innovation” to pro-
ductivity in the production function literature (Ackerberg et al. 2015)—where the
innovation is separable from and mean-independent of lagged productivity—u/, is
non-separable and fully independent of lagged productivity.

Recall from the previous section that ]\;[it = rt(Kit,wiLt). By substituting wiLt

~

from Equation (3.1) into this expression and using Equations (2.6-2.7), we obtain

Mit = Tt(Km gL(Wz'Lt—p Wg—p Uilt)),

= Tt(Km gL (ftfl(Kitfla Mii—1), S (K, M1, My ), U§t)),

= ft (Kit7 mtfb ugt) ) (32)
for an unknown function 7(+) and Wiy := (Kj_1, My_1, Liz_1).*> Note that M,
is strictly monotone in u}, because r;(-) is strictly monotone in w’ by Proposition
2.1, and gz (-) is strictly monotone in u}, by construction. Next, I establish the
statistical independence of u}, from other variables in Equation (3.2).
Lemma 3.1. Under Assumptions 2.3 - 2./, we have that u}l, 1 (K, Wi_1).

See Appendix A for the proof. This lemma shows that the Markov and timing

assumptions provide the necessary independence condition for using the control

13 Although 74(+) depends on M;;_+, it is not included in Wj;_ as it is a function of (Mit—1,Lit—1).

13



variable approach. The intuition behind this result is as follows: once we condi-
tion on (wk | wi |), the variables (K, Wi;_) provide no additional information
about current productivity due to the timing and Markov assumptions. Since
by construction Equation (3.1) implies that u}, encapsulates all new information
about current productivity, it follows that (K, W;;_1) must be independent of u},.

We now have the two conditions needed to derive a control variable: mono-
tonicity of 74() in u}, and independence of u}, from (K, Wi;_1). Given that the
distribution of u}, is already normalized to a uniform distribution in Equation

(3.1), we can identify u}, from the data using Equation (3.2) as follows:
u’}t = FMZ‘HK“,Wit,l(Mit ’ Kit? Mt_]-)’ (33)

where Fy i w, , denotes the CDF of My, conditional on (K, Wi_1).** The
key insight is that if two firms, ¢ and j, have the same capital stock and lagged
inputs but differ in their materials-to-labor ratios, then they must differ only in
their innovations to labor-augmenting productivity. Specifically, if K;; = Kj; and
Wii1 = Wji_1, then My, > M;, if and only if u}, > uj,. Thus, uj, can be recovered

from the firm’s conditional rank in the flexible input ratio. This relationship allows

us to express wl as a function of the control variable and lagged inputs:
wy = gr(wi_y,wi_1,upy) = gr ('Ft—l(Kit—ly Mi—1), 51 (K1, M1, Mz 1), Uilt),

= c1t(Wig—1, uilt)7 (3.4)
where c14(+) is an unknown function.

3.2 Control Variable for Hicks-Neutral Productivity

The control variable for w/ can be derived similarly to that for wk. Writing the

Skorokhod representation of wf:

Wi = gH(wiLtfhwiI)—tIfh U%ta u?t)? u?t | w'ilszwgfhuilt ~ U(0,1). (3.5)

By following the same steps used to obtain Equation (3.2), and using the mono-

tonicity of materials in w!! (Assumption 2.5), we can write materials demand as:

My = s (Kita Wit_hu;t, uft) ) (3.6)

14To simplify the exposition, I assume M;, is strictly increasing in u},. This is without loss of
generality because u}, only needs to be identified up to a monotonic transformation.
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where 5;(-) is an unknown function. Note that §; (K, Wi_1,u},, u?) is strictly
increasing in u% because s;(Kj;, wil, wk) is strictly increasing in wi by Assumption

2.5, and gg(wh |, wil | ul, u?) is strictly increasing in u? by construction.
Lemma 3.2. Under Assumptions 2.5 - 2./, we have that u2, (K, Wi_1,ul,).

See Appendix A for the proof. We can now use Equation (3.6) to identify u? as:
U,?t = FMit|Kit,Wit_1,u%t(Mit | Kity M/it—ly ullt) (37)

Using this result, we can express wf as follows:

wiIt{ = cor(Wig—1, u}ta uth) (3.8)

for an unknown function cg(-). Together, this result and Equation (3.4) imply
that lagged inputs and two control variables can control for productivity shocks.

A related study by Ackerberg et al. (2023) also uses control variables in pro-
duction function estimation. Their model has a single productivity shock in an
unrestricted manner, whereas my approach incorporates two productivity shocks
within a homothetic separability structure. Another difference lies in the construc-
tion of the control variables: Ackerberg et al. (2023) use lagged inputs, whereas
I use the input demand functions. These approaches complement each other, as

the plausibility of the underlying assumptions depends on the specific context.

4 Identification

This section examines the identification properties of the production function. I
first establish a functional dependence problem that prevents the identification of
individual output elasticities and labor-augmenting productivity using only inputs
and output data. However, the sum of flexible input elasticities is still identifiable,
and by combining this sum with revenue shares of inputs, the FOCs enable sep-
arate identification of labor and materials elasticities. I then consider a stronger
form of homothetically separable production function and show that all output

elasticities and labor-augmenting productivity are identified under this form.

4.1 A Non-identification Result

The production function can be written in logarithmic form as:
Yie = [t (Kita he(Kit, wii L, Mzt)) + wi + €,
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where y;; = log(Y;:) and fi(-) = log(Fi(+)). Since h¢(+) is homogeneous in its second

and third arguments, we can rewrite the production function as follows:
Yie = fi (Kita Litht<KitaWi[£7 Mzt)) + wﬁ + €t (4.1)

This reformulation is useful because it isolates wk as a direct argument of hy(-).

By substituting wk = 7,(K;;, M) into Equation (4.1), we obtain:
Yit = [t (Kity Litht(Kityft(Kity Mit)7 Mzt)) + Wi + €.
This representation of the production function reveals an identification problem.

Proposition 4.1. Without further restrictions, hi(-) cannot be identified from
variations in (Y, Ky, Li, My).

Proof. For fixed values of (K, Mit), the second argument of the function h(-)
is uniquely determined. Thus, the data provide no independent variation in
(K, e (K, ]\;fit), M,t) to trace out all dimensions of h(-), even if 7,(-) is known.
This implies that hy(-) is not identified from variations in (Y, Ky, Ly, M) O

This result reveals a fundamental identification problem, as many potential
objects of interest, such as output elasticities, are functions of h(-). To see this,

the output elasticities can be written as (suppressing function arguments):
Qilt( = (fu + freha) K, eiLt = frohu Ly (K, Mit)v 9;‘]\;[ = frohus M,

where f;, denotes the derivative of f; with respect to its k-th argument and 63
denotes the output elasticity of input X. Observe that all the output elasticities
depend on the derivatives of hy(:), which are not identified from variations in
inputs and output. However, if there is firm-level variation in input prices, then
7 (K, Mit) becomes a function of the input price ratio as well, which could resolve
the functional dependence problem. This case is analyzed in Online Appendix A.

To make progress toward the identification of elasticities, I define another func-
tion, hy (K, Mzt) = hy (K, e (K, Mit), Mit), and rewrite the production function

as:

Yie = [t (Kit; Lichy (K, Mzt)) +wl + €. (4.2)

B Online Appendix C.1 illustrates this identification problem in a parametric setting using the CES
production function. In that case, estimating a reduced form of the CES production function
recovers a parameter corresponding to the sum of labor and materials elasticities.
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This formulation provides a reduced form representation of the production func-
tion, where ﬁt(-) captures the combined effects of wiLt and Mit in production through
the firm’s input demand function 7 (K, Mit). Even though this function differs
from the structural function hy(+), it can still be useful for identifying certain ob-
jects of interest. Thus, the remainder of this section focuses on what can be iden-
tified from reduced form functions h;(-) and f;(-), while the next section examines

the identification of these functions after specifying the moment conditions.

4.2 Identification of Output Elasticities

The functional dependence problem presented in Section 4.1 implies that output
elasticities are not identified from variation in inputs and output alone. However,
the assumption of cost minimization can provide additional identifying information
through the relationship between the production function and the firm’s flexible
input choices. The FOCs derived from the cost minimization in Equation (2.3)
are given by Fyx () exp(wi)E[exp(ei)|Zie| \it = pi* for X € {M,L}. Here, Fix()
denotes the derivative of Fy(-) with respect to input X, and \; represents the

Lagrange multiplier. Multiplying both sides by X;;/(Y;pi) and rearranging yields:

FtX (Kita wiLtLita Mit)Xit E[eXp<€it> ‘ Iit])\it . thth (4 3)
Fi (Kita wiLtLit, Mit) exp (€t )it Yipie .
- / N——
Elasticity(6;%) Revenue Share of Input(a;t

where p;; is the output price. Taking the ratio of this expression for labor (X = L)
and materials (X = M) yields:

0%/0{; = a%/a{;. (4.4)

Thus, the cost minimization assumption identifies the materials-to-labor elasticity
ratio as the ratio of their revenue shares. Since revenue shares are observable in
most datasets, this elasticity ratio can be directly calculated from data without
any additional estimation.!®

The use of FOCs in production function estimation has a long history, primarily
within parametric frameworks. Gandhi et al. (2020) advance this literature by
nonparametrically using the FOC with respect to materials input in a Hicks-

neutral production function with dynamic labor input. I instead restrict labor

16Doraszelski and Jaumandreu (2019) similarly exploit revenue shares to identify elasticity ratios.
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to be flexible, enabling me to use FOCs for two inputs to accommodate labor-
augmenting productivity. This method of using FOCs of multiple flexible inputs
has also been applied in the literature to estimate buyer markdowns (Yeh et al.
2022).

4.2.1 Identification of the Sum of Materials and Labor Elasticities

This section shows the identification of the sum of labor and materials elasticities

from the reduced-form representation of the production function in Equation (4.2).
Proposition 4.2. The sum of labor and materials elasticities is identified as
Of = 0} + 05 = fia(Kir, Lithe (K, Miy)) Lighy (K, M) (4.5)
Proof. From Equation (4.1), the labor and materials elasticities can be written as:
Oy = fiohus My, 0;; = fia(he — s Mi) L.

Summing the expressions for 8%/ and 6% implies that the derivative component of

hi(+) cancels out, leaving the combined elasticity dependent on the level of hy(-):
Oy = 03 + 05 = fiahiLis = froheLit. O

This proposition shows that identifying f,(-) and h,(-) is sufficient for recov-
ering the sum of flexible input elasticities. Notably, this identification does not
rely on knowledge of either the structural function h(-) or the labor-augmenting
productivity. By combining this result with the elasticity ratio derived from the

FOCs in Equation (4.4), we can express the labor and materials elasticities as:

L V L.V M V .M/ V

Oii = by 0y [ iy, O = Oy [ay, (4.6)
where o), = ol + a. Thus, labor and materials elasticities are separately identi-
fied. This result is especially important for markup estimation since flexible input
elasticity is the key element in the markup formula, as I will discuss in Section 7.

4.2.2 Identification of Capital Elasticity and Other Objects

This section analyzes whether capital elasticity, the elasticity of substitution, and

labor-augmenting productivity are identified and presents a negative result.
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Proposition 4.3. For the production function specified in Equation (2.2), labor-
augmenting productivity, the output elasticity of capital, and the elasticity of sub-

stitution between inputs are not identified from (fi, by, ok, o).

See Online Appendix D for the proof. The intuition underlying this result is that
the FOCs reveal information primarily about the output elasticities of flexible

inputs, which are insufficient to identify other aspects of the production function.

4.3 Identification under Further Restrictions

A potential solution to the non-identification results is to impose additional struc-
ture on the production function. In this section, I consider a more restrictive

homothetic functional form:
Yit = fi (Kita he(wi L, Mzt)) + w + €, (4.7)

which I refer to as the “strongly homothetic” production function.!” This model
differs from the “weakly homothetic” production function presented in Equation
(2.2) because the function h(-) no longer depends on K. Since this is a special
case, Proposition 2.1 applies with wk = ft(Mit). Substituting this into Equation

(4.7) yields the following reduced form production function:
Yie = Ji (Kita Litht(Mit)) + Wi + € (4.8)

Since K;; appears only in f;(+) and not in h(+), this model offers a more tractable
functional form for identifying the capital elasticity and labor-augmenting produc-

tivity. The following proposition establishes the identification of these objects.

Proposition 4.4. Suppose that the production function has the strongly homo-
thetic separable form in Equation (4.7). Then, the capital elasticity is identified,

and labor-augmenting productivity is identified up to scale from (fy, hy, ok, aM):

My N B
0K — fu (K, Luhe (V) K, Tog(wl) = / b(V)AM + i, (4.9)

where fi;(+) denotes the derivative of fi(-) with respect to its j-th argument, a; is
an arbitrary constant and M s the lower bound of the support of M. bi(-) is a

function defined in the proof, which depends only on (f;, hy, ok, ).

1TThis definition differs from the classical “strong separability” concept in production theory. For
different separability definitions, see Chambers (1988). Here, we also use the same function h,(+)
in both strong and weak homothetic functions with a slight abuse of notation.
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The proof is provided in Online Appendix D. Under strong homotheticity, 0%
is identified from the reduced form functions because wk is no longer a function
of capital, removing the confounding effects of 7(-) in the reduced form func-
tion. Identification of wX relies on the idea that the flexible input elasticities are
informative about hy(+), which can be mapped back to wk as shown in the proof.

The next result shows that the elasticity of substitution remains unidentified.

Proposition 4.5. Under the conditions of Proposition ./, the elasticity of sub-

stitution between labor and materials is not identified from (fi, hy, ok, o).

See Online Appendix D for the proof. The FOCs provide information only
about the first derivatives of the production function, whereas the elasticity of
substitution depends on the second derivatives. Thus, we can identify the output
elasticities but not the elasticity of substitution.!®

An important implication of using FOCs for identification is that elasticities
can be identified only at values observed in the data, specifically within the set
{(wE, My, Lyy) : wk = 7,(My)}. Although this restriction limits certain counterfac-
tual analyses—such as the impact of altering an input on output while holding w}
constant—it nonetheless allows for the identification of elasticities and productiv-

ity for the firms in the data, which are sufficient for most empirical applications.

5 Empirical Model and Data

This section presents the empirical model, outlines the estimation procedure, and

describes the data used for empirical applications.

5.1 Empirical Model

The purpose of the empirical model is to estimate output elasticities and markups.
Because the capital elasticity is not identified under weak homotheticity, and to
reduce data requirements, I use the strongly homothetic production function in

the empirical model. The resulting reduced form production function is given by:

Yit = Ji (Kita Litﬁt(Mit)) + wif + €. (5.1)

18This finding relates to Diamond et al. (1978)’s impossibility theorem, which states that without
exogenous variation in input prices, the elasticity of substitution cannot be identified using
time-series data. My paper extends this result to a setting with firm-level data. Under the
heterogeneous input price extension discussed in Online Appendix A, however, the elasticity of
substitution can be identified if input prices are exogenous.
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To control for Hicks-neutral productivity, I use the control function from Equation

3.8), wif = cor Wiy_1,u;,,us). Substituting this into Equation (5.1) yields:
3.8), wi W, LouZ). Subst this into Equation (5.1) yield
Yie = fi (Kita Litﬁt(Mit» + C2t (Witfla u}t,u?t) + e,  Elew | Wi, mt—lyuiltau?t} = 0.

Because all the right-hand side variables are orthogonal to the error term ¢;;, we can
estimate this equation by minimizing the sum of squared residuals. The modeling
assumptions, however, provide additional restrictions that we can use to augment
the moment conditions. Specifically, since capital input is predetermined, it is

orthogonal to productivity innovations &; from the first-order Markov process:

wi = Ca(wi_y, wip 1) + &y E[& | Ziv—1] = 0, (5.2)

where ¢3;(+) is an unknown function and &;; denotes the innovation to Hicks-neutral
productivity. Unlike «?, in Equation (3.5), this innovation term is mean indepen-
dent of (wf | wk |) and separable, instead of being fully independent and non-
separable. This characterization of w!l has been frequently used in the production
function literature for constructing moments (Ackerberg et al. 2015).

Since (wh_,wi ) can be expressed as a function of Wj;_;, Equation (5.2) can

be written as wi = c3;(Wy_1) + &, which yields another estimating equation:
Yit = ft(Kita Lit;_lt(]\;[it)) + e3e(Wig—1) + it + €.

The error term, &; + €;, is orthogonal to the firm’s information set at time ¢t — 1,
which includes Ky, so B[+ €5 | Ky, Wir—1] = 0. I now summarize the estimation

problem by combining the moment restrictions from two estimating equations:

Yit = [t (KitaLitﬁt(Mit)) + Cot(Wip—1, uly, uly) + €ie, Eleir | Wi, Wir—1,ujy,uzy) =0 (5.3)

Yir = fo (K, Lichy (M) + c3e(Wig—1) + &t + €3ty Bl + €t | Kig, Wir—1] = 0. (5.4)

The literature typically uses similar moment conditions in two stages when es-
timating parametric forms: first, identifying the elasticity of variable inputs, and
then identifying the capital elasticity (Ackerberg et al. 2015). This two-step
method is infeasible for a non-separable production function. Thus, I combine

all moment conditions into a single objective function, following the approach of
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Wooldridge (2009):

J(6) = TlN G +Z(TNsz(Kit,m_l)[gt(e)+€2,»t(9)]> . (5.5)

it

where 0 = { ft,ﬁt,CQt,c;;t} collects all unknown functions to be estimated. For
each candidate 6, €;(0) denotes the estimates of ¢; from Equation (5.3), while
€;(6) and @t(e) denote the estimates of €; and &; from Equation (5.4). Finally,
{2 (K, Wir—1) 3’:1 denote a set of J instruments.

The identification of output elasticities requires identifying the functions (f;,
h:) through the moment restrictions in Equations (5.3) and (5.4). I next show the
identification of these functions. Define g;(Kjs, My, Wir_1,uj,) as the conditional
distribution function Fy, k., wi 1 u ( it | Kty Wir—1,u;,) and let g;;(-) denote the
derivative of g;(-) with respect to 1ts j-th argument. The following proposition

establishes that moment conditions in Equation (5.3) identify (f;, hy).

Proposition 5.1. Suppose that (i) (fi, by, car, g:) are twice continuously differen-
tiable and have non-zero derivatives almost everywhere, (ii) the joint distribution
function of (Ky, ]\;fit, My, Wi—1) is absolutely continuous with positive density ev-
erywhere on its support, (iii) Var(gtl(Kit,Mit,mt—lyu}t)/gt2<Kit, M, Wis_1,uk) |
Ky, Mz-t,u%t) > 0. Then hy(-) is identified up to a scale, and f(-) is identified up

to a constant by the moment conditions in Equation (5.5).

See Appendix B for the proof.’?-?° Conditions (i) and (ii) are regularity conditions
that ensure sufficient variation in the data. Condition (iii) rules out special cases
that create functional dependence, a concept known as generic identification in the
literature (Lewbel 2019). Since the moments in Equation (5.3) identify the target

functions, the moment restrictions in Equation (5.4) provide efficiency gains.?!

5.2 Estimation Procedure

This section outlines the estimation procedure, while the technical details are
provided in Online Appendix E. I estimate separate production functions for each

industry, based on the classifications provided in Table 1. Given the relatively

¥0Online Appendix D.4 presents the corresponding identification results for the weakly homothetic
production functions given in Equation (2. 2)

20Even though hy(-) is identified up to scale, 8}, is uniquely identified (see Proposition 4.2).

2deally, one would analyze the identification properties of the moment restrictions in Equations
(5.3) and (5.4) jointly. I focus on Equation (5.3) due to the complexity of a joint analysis.
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small sample sizes in many industries, estimating the production function using a
single year of data leads to noisy estimates. As a result, following De Loecker et al.
(2020), I adopt a rolling window sample strategy, using an eight-year window for
the Compustat data and a three-year window for the other datasets.

The estimation proceeds in two stages. In the first stage, I identify the control
variables by estimating the CDF in Equation (3.7). I discretize the support of
M;; into 500 equally-sized bins (by observation count) and, at each grid point,
estimate a logit specification that includes third-order polynomial terms.?? In the
second stage, I estimate the production function using polynomial approxima-
tions. Specifically, I first approximate the logarithm of h,(-) with a third-degree

polynomial:

~

10g<ht(Mit)) = Qg + QoM + Cl3tm?t + a4tm?t7 (5.6)

where {ajt}§:1 are the parameters of the polynomial approximation and m; =

log(M). I define Vj; := Liﬁt(]\%t) and approximate the production function as:

E(Kib Vit) = by + bk + bgtki + b4tk’;3t + bsivir + b6tvi2t + b?tﬂf}
+ bStk?tUit + thkitviQt + biotkit Vi, (5.7)

where {b;;};2, are the polynomial parameters.?® I approximate ¢y (-) and cg(-) in
the objective function similarly using third-degree polynomials.

Estimating co(+) and c3:(+) is computationally simple, as they can be partialled
out for a given (ﬁ,a) Thus, the estimation reduces to finding the functions
ﬁ() and ﬁt() that minimize the objective function given in Equation (5.5). After
obtaining these estimates, I compute the output elasticities according to Equations
(4.5), (4.6), and (4.9). For standard errors, I implement a bootstrap procedure

with 250 replications, treating firms as independent observations in each resample.

5.3 Datasets

I use panel data from manufacturing industries in Chile, Colombia, India, Turkey,

and the US. Table 1 presents descriptive statistics for each dataset, including the

22Under the strongly homothetic production function in Equation (4.7), u}, corresponds to the
CDF of ]\Zfit, so it does not need to be estimated in the first stage conditional on other variables.

23For the US, the third-degree polynomials give unstable estimates due to small sample size,
especially in the early period. To address this, I use second-degree polynomials for the US.
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Table 1: Descriptive Statistics on Datasets

UsSs Chile Colombia India Turkey
Sample Period 1961-2018 1979-96 1978-91  1998-2014  1983-2000
Num. of Industries 3 5 9 ) 8
Industry Level 2-dig NAICS  3-dig SIC  3-dig SIC  3-dig NIC  3-dig SIC
Num. of Obs/Year 1186 2116 3918 2825 4997

Notes: This table provides descriptive statistics for each dataset. The number of industries reflects
those included in the empirical estimation. Sample periods vary based on data availability.

sample period, the number of industries, and the number of firms per year. Further

details and additional descriptive statistics are provided in Online Appendix F.

5.3.1 Chile, Colombia, India, and Turkey

For Chile, Colombia, India, and Turkey, the data come from plant-level production
information collected through manufacturing censuses. The Chilean dataset covers
plants with more than 10 employees for the period 1979-1996 (INE Chile 1996).
Similarly, the Colombian data include all plants with more than 10 employees
from 1977 to 1991 (DANE Colombia 1991). The Turkish dataset is based on the
Annual Surveys of Manufacturing Industries and covers all establishments with 10
or more employees from 1983 to 2000 (TurkStat 2024). Finally, the source for the
Indian data is the Annual Survey of Industries, which includes plants with 100 or
more employees from 1998 to 2014 (MOSPI 2024).

From each dataset, I construct input and output measures to estimate the
production functions. Materials input is calculated by deflating materials cost with
the appropriate deflators. Labor is measured by either the number of worker-days
or the number of workers. Capital is derived using the perpetual inventory method

or by deflating its book values. See Online Appendix F.6 for further details.

5.3.2 US

The Compustat sample comprises all publicly traded US manufacturing firms from
1960 to 2017 (S&P 2019). It includes data from financial statements, such as sales,
total input expenditures, and number of employees. From these variables, I derive
capital, labor, materials, and output measures. Output is measured as net deflated
sales, and labor is measured by the number of employees. Because Compustat does

not separately report expenditures on materials, I follow Keller and Yeaple (2009)
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and estimate them as the difference between “cost of goods sold” and the sum of
depreciation and labor costs.

While the Compustat dataset is derived from financial accounting data rather
than manufacturing censuses, it offers broader coverage across industries and over
time. This wider coverage makes it particularly useful for studying changes in
markups and has contributed to the growing evidence on the rise of market power

in the US (De Loecker et al. 2020).

5.3.3 Discussion of the Datasets

An important limitation of these datasets is that I mainly observe revenues and
input expenditures rather than physical quantities, which could lead to biases if
prices reflect firm-level demand heterogeneity (Doraszelski and Jaumandreu 2019;
Doraszelski and Jaumandreu 2023; Bond et al. 2021). While some recent datasets
include physical output and firm-level price indexes, I use several widely employed
production datasets to provide systematic evidence across different empirical con-
texts. However, as a robustness check in Section 9, I use the quantity-based output
measures and plant-level input prices from seven Indian industries that produce
relatively homogeneous products. This analysis suggests that the paper’s main
results—comparing estimates between the labor-augmenting production function
and alternative specifications—are robust to using quantities and controlling for

input prices.

6 Empirical Results: Production Function

This section presents the production function estimates and emphasizes two main
findings: (i) output elasticities vary systematically depending on whether labor-
augmenting productivity is included in the specification, and (ii) there is substan-
tial heterogeneity in output elasticities across firms, with larger firms being more

capital-intensive than smaller firms.

6.1 Output Elasticities

I estimate output elasticities using four specifications with varying degrees of
flexibility: (i) Cobb-Douglas (CD), (ii) Translog with Hicks-neutral productivity
(TR), (iii) CES with both Hicks-neutral and labor-augmenting productivity (CES-
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Figure 1: Average Elasticity Estimates Across Production Function Models
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Notes: Comparison of sales-weighted average elasticities obtained from (i) Cobb-Douglas (CD), (ii)
Translog with Hicks-neutral productivity (TR), (iii) CES with Hicks-neutral and labor-augmenting
productivity (CES-FA), and (iv) the strongly homothetic production function with Hicks-neutral
and labor-augmenting productivity (FA). For each year, sales-weighted averages are calculated, and
then simple averages of these yearly estimates are taken over the years. The error bars indicate
95% confidence intervals calculated using the bootstrap (250 resamples).
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FA), and (iv) the strongly homothetic production function with Hicks-neutral
and labor-augmenting productivity (FA) introduced in Section 5.2* Comparing
these models allows me to evaluate two main features of the FA specification:
its flexible functional form and its unobserved heterogeneity introduced through
labor-augmenting productivity. In particular, because CES-FA embeds labor-
augmenting productivity within a parametric structure, the comparison between
FA and CES-FA isolates the contribution of functional form flexibility. Conversely,
TR offers functional form flexibility without labor-augmenting productivity, so
comparing FA with TR isolates the role of labor-augmenting productivity.?
Figure 1 displays the sales-weighted average output elasticities for capital, la-
bor, and variable input in each country.?® Panel (a) shows that the CD specifica-
tion consistently estimates lower capital elasticities than the FA model, with the
bias ranging from -18.2% (US) to -45.0% (Turkey). When examining more flexi-
ble specifications, we observe that TR reduces this bias by an average of 53.1%),
whereas CES-FA yields capital elasticities close to those obtained from CD. To-
gether, these results indicate that functional form flexibility has a greater impact
on capital elasticity estimation than allowing for labor-augmenting productivity.
Panel (b) reveals a contrasting pattern for labor elasticities: the CD specifi-
cation systematically yields higher estimates than the FA model, indicating an
upward bias ranging from 46.8% in Chile to 92.6% in Turkey. Unlike the capital
elasticity results, CES-FA proves more effective than TR at reducing these bi-
ases (by 88.9% on average), suggesting that labor-augmenting productivity plays
a greater role than functional form flexibility in estimating labor elasticity.
Moving to variable input elasticity in Panel (c), the estimates consistently
decrease as the specification becomes more flexible—from CD to FA—in every

country. Although both TR and CES-FA mitigate the bias present in the CD

24Since Ackerberg et al. (2015) show that gross production functions with two flexible inputs are
not identified using proxy variables, I estimate CD and TR using the Blundell and Bond (2000)
dynamic panel method. I estimate CES-FA using procedures described in Section 5.2 after
imposing the CES functional form assumption. The details of these estimation procedures are
given in Online Appendix C.2 and Online Appendix F.2.

25To be precise, CES-FA also adds functional form flexibility relative to CD by allowing for non-
unitary elasticity of substitution. I choose the CES as the parametric form with labor-augmenting
productivity because in the CD model, all productivity shocks are factor-neutral.

26In Online Appendix H, Figure OA-1 reports materials elasticity and returns to scale estimates,
and Figure OA-3 reports standard errors for differences between FA and other estimates.
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estimates, neither specification eliminates it entirely. The findings therefore point
to roles for both functional form flexibility and unobserved heterogeneity in es-
timating variable input elasticity. Because variable input elasticity is central to
markup estimation, this evidence also implies that incorporating labor-augmenting
productivity could affect markup estimates, a topic I explore in the next section.

While this section focused on average elasticities, it is also important to ex-
amine the estimates in greater detail to evaluate their validity. For this purpose,
Table OA-1 in Online Appendix H reports average elasticities for the three largest
industries in each country, while Online Appendix K illustrates the distributions
of first and second derivatives as well as the shapes of the estimated production
functions.?” The results align with the principles of production theory: capital
elasticities are seldom negative (6.4%), first derivatives are predominantly posi-
tive (96.8%), and second derivatives are generally negative (87.6%), confirming
the concavity of the estimated production functions (Shephard 1953).%8

In summary, this section demonstrates how different sources of flexibility in the
production function affect output elasticity estimates. For capital elasticity, func-
tional form flexibility matters more than labor-augmenting technology, whereas for
labor elasticity, labor-augmenting technology has a greater impact. Both types of

flexibility, however, are important for estimating variable input elasticity.

6.2 Heterogeneity in Output Elasticities

This section explores firm-level heterogeneity in output elasticities and its relation-
ship with firm size. While extensive research has shown substantial variation in
various firm outcomes such as productivity, labor share, and management practices
(Syverson 2011), comparatively little is known about heterogeneity in production
technology.

To quantify this heterogeneity, I calculate the coefficient of variation (CV)

of output elasticities within each industry-year and plot the average CV in each

2"The FA model generates reasonable output elasticities that align with previous literature: ma-
terials have the highest elasticity, ranging from 0.51 to 0.87 across industries and countries. The
average labor and capital elasticities range from 0.06 to 0.30 and 0.03 to 0.27, respectively. The
returns to scale estimates range from 0.91 to 1.11, indicating that firms, on average, operate
close to constant returns to scale.

28The small number of negative elasticities can be partly explained by estimation error, as elas-
ticities are not consistently estimated at the firm level.
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Figure 2: Average Coefficient of Variation Estimates of Output Elasticities
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Notes: This figure shows the means (gray) and 10th and 90th percentiles (red) of the distribution
of the average coefficient of variation across industries and years for different output elasticities.
The coefficient of variation is computed using the top-3 industries per country.

country along with the 10th-90th percentile range in Figure 2. Elasticities vary
substantially across firms in all countries, with CV estimates ranging from 0.17
to 1.09. Labor elasticity shows the greatest dispersion, consistent with evidence
of large heterogeneity in labor’s revenue share (Autor et al. 2020). The wide
interdecile ranges confirm that these patterns are pervasive rather than driven
by a handful of industries. Finally, returns to scale estimates show only modest
variation—a reasonable finding since large heterogeneity in this parameter would
imply some firms operate with implausibly strong scale economies.?’

The heterogeneity in output elasticities complements the well-documented dis-
persion in other firm-level outcomes. Yet another key question is whether this het-
erogeneity is correlated with observable firm characteristics. Figure 3 addresses
this question by plotting average capital, labor, and variable input elasticities
across firm-size deciles. Consistently across all countries, larger firms exhibit

higher capital elasticities but lower labor and variable input elasticities. The dif-

ferences are notable: firms in the largest decile are about twice as capital-intensive

29The heterogeneity in output elasticities can arise from two sources: (i) observed heterogeneity
due to different levels of inputs and (ii) unobserved heterogeneity due to labor-augmenting
productivity. This analysis does not distinguish between these sources.
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Figure 3: Average Output Elasticity Estimates by Firm Size Deciles
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Notes: This figure displays average output elasticity estimates across firm size deciles. For each
country, I first estimate the average elasticity within each decile for each industry-year pair, then
average these industry-year estimates within each country.

as those in the smallest decile, whereas the smallest-decile firms are roughly twice
as labor-intensive as those in the largest-decile. Overall, this section highlights the
presence of substantial variation in output elasticities, which potentially reflects
both observed and unobserved heterogeneity in production technologies across

firms.30

7 How Production Function Specification Affects Markups

De Loecker and Warzynski (2012) develop a production-based method for esti-
mating markups under two assumptions: (i) firms minimize their static costs with
respect to at least one flexible input, and (ii) they are price takers in the input

market for that flexible input. Under these conditions, a firm’s markup equals the

39For comparison, Figures OA-10 and OA-11 in Online Appendix K report the corresponding
results under the CES-FA and TR specifications (by construction, CD does not allow hetero-
geneous elasticities). Although these production functions yield some heterogeneity for certain
inputs and countries, they do not generate a consistent pattern across inputs and countries.
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output elasticity of a flexible input divided by that input’s cost share in total rev-
enue, p; = 0Y /a) 3 Because the revenue shares of flexible inputs are typically
observable in the data, a flexible input’s output elasticity is sufficient to recover
markups. This production-based approach to estimating markups has been widely
adopted in recent studies of market power (Miller 2025).

Because output elasticity enters directly into the markup formula, any bias
in its estimation translates into biased markups. This makes markup estimates
sensitive to the choice of production function specification. Motivated by this
observation, this section analytically examines how biases in output elasticities

impact the estimates of aggregate markup, followed by empirical evidence pre-

sented in the next section.

7.1 Conflicting Markup Estimates from Different Flexible Inputs

If firms minimize production costs with respect to two flexible inputs, the markup
estimates derived from each input should coincide up to estimation error. How-
ever, empirical studies that rely on Hicks-neutral production functions often report
systematic differences between markup measures based on different inputs (Do-
raszelski and Jaumandreu 2019; Raval 2023). These studies suggest that certain
misspecifications in the underlying production model generate discrepancies in
markup values, and they point to a lack of factor-augmenting productivity.3?

A notable feature of the labor-augmenting production function and this paper’s
identification strategy is that markup estimates based on labor and materials are
identical. This equivalence follows directly from the use of FOCs (Equation (4.4))

in estimation, which links the ratio of revenue shares to the ratio of elasticities:

oL ok oL oM
it it L it it M

oM~ oM = M= 7 = 57 = Hats (7.1)
it Qg Oy Oy

where p~ and ! denote labor- and materials-based markups, respectively. The

inclusion of labor-augmenting productivity is key for achieving this equivalence.

31 As De Loecker and Warzynski (2012) note, the revenue share is with respect to planned output,
which requires correcting for exp(e;;). I implement this correction when estimating markups.
32Raval (2023) tests the production function approach by comparing markup estimates from two
flexible inputs. His analysis reveals that labor-based and materials-based markup measures are
negatively correlated in the cross-section and time series. He then examines possible mechanisms
for this discrepancy, including production function heterogeneity, labor adjustment costs, and
measurement error. He concludes that the most plausible explanation is the inability of the

standard production functions to account for heterogeneity in production technology.
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Without labor-augmenting productivity, the identity in Equation (7.1) fails to hold
empirically (as confirmed by Figure OA-2 in Online Appendix H), indicating a po-
tential misspecification. Labor-augmenting productivity introduces an additional
dimension of unobserved heterogeneity. This in turn leads to exactly-identified
output elasticities (see Section 4.2), resulting in an internally consistent model
and identical markup estimates from labor and materials.

While conflicting markup estimates can also come from other misspecifications
(e.g., adjustment costs or input market power), factor-augmenting productivity
provides a theoretically grounded solution, particularly when the main concern is

insufficient unobserved heterogeneity in the production function (Raval 2023).33

7.2 Decomposing Markups: The Role of Production Functions

This section performs a decomposition analysis to investigate how biases in out-
put elasticities influence aggregate markup estimates. The analysis identifies two
distinct channels: (i) bias in the average output elasticity and (ii) bias in the
correlation between output elasticities and firm size. To illustrate these channels,
[ apply the Olley and Pakes (1996) decomposition (OP) to the aggregate log-
markup, defined as i, = >, wilog(pi) = >, wilog(6i) — >, wir log(cv), where
w;; denotes the aggregation weight, typically a measure of firm size. The OP
decomposition separates a weighted average into its unweighted mean and the co-

variance between the weights and the variable of interest, resulting in the following

decomposition:
ft = Ellog(04)] +  Cov(wit,log(8ir)) — Ellog(ait)] — Cov(wg,log(ag))  (7.2)
——

Avg. Elas (1) Heterogeneity in Elasticity (2) Avg. Share (3) Heterogeneity in Shares (4)

Estimation Data

The aggregate log markup breaks down into four distinct components: two aris-
ing from output elasticities and two from revenue shares. This structure cleanly
separates the estimated elements (output elasticities) from the observable quanti-
ties (revenue shares), enabling us to trace how biases in output elasticities affect

aggregate markups.

Bias from the Average Output Elasticity. The first component of the de-

33 An important limitation of my approach is that it requires two flexible inputs as opposed to only
one. This is particularly limiting if some inputs are subject to adjustment costs.
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composition is the mean output elasticity. Misspecifications in the production
function can bias this term, directly affecting the aggregate markup. The elastic-
ity estimates in Section 6.1 indicate that Hicks-neutral production functions tend
to overestimate the flexible input elasticity. Accordingly, we expect this compo-

nent of the bias to be positive.

Bias from Heterogeneity in Production Technology. The second compo-
nent reflects the covariance between firm size and the flexible input elasticity.
Bias in this component occurs when elasticities vary systematically with firm size,
yet the estimation fails to capture this relationship. The estimates presented in
Section 6.2 indicate an inverse relationship between flexible input elasticity and
firm size, implying that neglecting this pattern likely introduces a positive bias.
Therefore, the decomposition analysis indicates that both sources of bias in the
aggregate markup are likely positive and do not offset each other. Finally, these
biases can influence not only the level of markups but also their trends—for ex-
ample, if large firms increase their capital intensity over time and the estimation

approach fails to account for this shift in production technology.

8 Empirical Results: Markups

This section compares markup estimates across alternative production function
specifications. I first analyze how these specifications influence markup levels and
then examine markup trends within the US manufacturing sector.

When estimating markups under Hicks-neutral production functions, I use a
specification that includes capital and a single flexible input. I adopt this approach
for two reasons. First, I observe that markup estimates derived from Hicks-neutral
production functions using labor and materials differ markedly between the two
inputs—often falling below one—as shown in Figure OA-2 and consistent with
findings by Raval (2023). Second, the single flexible input specification facilitates

comparisons with recent markup studies, which often use a single flexible input.*

34Gee, for example, De Loecker et al. (2020) and Autor et al. (2020). To give more details of
the estimation, in the Cobb-Douglas case, I estimate the production function as y;; = Brikis +
BotVUT4¢ +w£{ + €4¢, where vr;; combines labor and materials into a single flexible input. Markups
can then be calculated using the estimated flexible input elasticity, pir = Bot/ ax. Note that
in this estimation, the parameters are allowed to change over time, enabling the CD model
to capture shifts in the aggregate production technology. Thus, when comparing more flexible
specifications with the CD model, differences in estimates should be interpreted as reflecting the
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Figure 4: Average Markup Estimates Across Production Function Models
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Notes: Comparison of sales-weighted markups estimated using four production functions. Sales-
weighted averages are calculated for each year and then averaged across years. Error bars show
95% confidence intervals based on bootstrap (250 resamples).

Table 2: Average Markups for the Three Largest Industries in Each Country

Industry 1
CD TR CES-FA FA

Industry 2
CD TR CES-FA FA

Industry 3
CD TR CES-FA FA

(311, 381, 321)

Chile

Colombia

India

Turkey

US

1.35 1.33 1.31 1.19
(0.00) (0.01) (0.02) (0.03)

143 142 138 1.28
(0.02) (0.04) (0.04) (0.08)

(311, 322, 381)

1.32 129 1.34 1.30
(0.02) (0.02) (0.04) (0.07)

129 124 126 1.21
(0.00) (0.01) (0.02) (0.03)

139 1.34 132 1.22
(0.01) (0.02) (0.02) (0.04)

(230, 265, 213)

140 1.35 133 1.07
(0.01) (0.02) (0.02) (0.09)

120 120 1.14 1.10
(0.01) (0.01) (0.01) (0.02)

117 116 1.16 1.15
(0.00) (0.01) (0.01) (0.01)

(321, 311, 322)

142 143 131 1.25
(0.01) (0.01) (0.01) (0.02)

126 1.12 124 1.17
(0.01) (0.06) (0.01) (0.03)

1.37 1.32 133 1.22
(0.00) (0.06) (0.01) (0.03)

(33, 32, 31)

130 122 134 1.34
(0.01) (0.03) (0.02) (0.03)

1.60 146 1.44 1.21
(0.03) (0.06) (0.07) (0.14)

142 142 136 1.32
(0.02) (0.04) (0.04) (0.06)

1.30 1.23 137 1.32
(0.01) (0.02) (0.02) (0.04)

Notes: This table reports sales-weighted average markup estimates across four production function
specifications: Cobb-Douglas (CD), Translog (TR), CES with Hicks-neutral and labor-augmenting
productivity (CES-FA), and strongly homothetic production function with Hicks-neutral and labor-
augmenting productivity (FA). The estimates are presented for the three largest industries in
each country. The average markups are calculated for each year and then averaged over the
years. Standard errors are derived using bootstrap (250 resamples). Industry codes are shown in

parentheses, with corresponding names provided in Online Appendix J.
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8.1 Markup Comparison: Level

I compute sales-weighted markups for each country by averaging firm-level markup
estimates derived from the output elasticities presented in Section 6.1. Figure 4
displays the resulting aggregate markups for four production functions—CD, TR,
CES-FA, and FA. Across all countries, the FA specification consistently yields
lower markups than the CD specification, with differences ranging from 8.5 pp
to 16.0 pp—a meaningful gap when markups are interpreted as measures of mar-
ket power. Figure OA-4 in Online Appendix H, which reports the standard er-
rors of these differences, confirms that these differences are statistically signifi-
cant.> Specifications that are more flexible than CD—mnamely TR and CES-FA—
demonstrate how functional form flexibility and labor-augmenting productivity
reduce these biases. These specifications yield estimates between CD and FA val-
ues, reducing the biases by 11.7% to 90.5% across countries, but not eliminating
them entirely.

Table 2, which presents markup estimates for the three largest industries in
each country, reinforces these findings. In nearly all industries, the CD specifi-
cation estimates the highest markups, while the FA specification estimates the
lowest, with TR and CES-FA estimates falling in between. These estimates high-
light the role of both functional-form flexibility and unobserved heterogeneity in
production functions when estimating markups. Moreover, the consistency of pat-
terns observed across various countries and industries indicates that the results
are not driven by specific time periods or country- and industry-specific factors.

What mechanisms explain the differences in markup estimates across produc-
tion functions? Section 7.2 highlighted two sources: (i) bias in average output
elasticities and (ii) failure to capture the correlation between output elasticities
and firm size. To quantify the relative importance of each mechanism, I parti-
tion the gap between CD and FA log-markup estimates (/,“? — ji,7) into these

components using the decomposition method presented in Equation (7.2):

(E[log(ﬁg[))] — E[log(@ﬁA)]) + (COV (wit, log(OgD)) — Cov (wit, log(ﬁf;A)D (8.1)

additional flexibility offered by those specifications relative to the time-varying CD parameters.
35Figure OA-5 in Online Appendix H presents the year-by-year markup estimates, showing that

the lower markup estimates from FA are not an artifact of averaging over time. The FA markup

estimates are consistently below the CD estimates across all years throughout the sample.
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Figure 5: Decomposition of the Difference between Aggregate Markups
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Notes: This figure presents the decomposition results from Equation (8.1). The gray bars represent
the percent contribution of elasticity differences (first term) to markup differences, while the black
bars represent the percent contribution of covariance differences (second term). The decomposition
is performed separately for each year and then averaged across years within each country.

Figure 5 presents this decomposition, reporting the average elasticity differences
(gray bars) and average covariance differences (black bars) as percentages of the to-
tal log-markup difference. Both components contribute roughly equally to markup
differences on average (39.1% vs 60.9%), although their relative importance varies
across countries. The results highlight two key patterns. First, the CD specifi-
cation consistently overestimates the unweighted average flexible input elasticity
across all countries (as indicated by the positive gray bars). Second, it fails to cap-
ture the negative relationship between firm size and flexible input elasticity (as
indicated by the positive black bars). Markup bias therefore does not originate
from a single source, emphasizing the importance of accurately estimating both

the average elasticities in an industry and their heterogeneity across firms.

8.2 Markup Comparison: Trend

This section analyzes markup trends in US manufacturing, while corresponding
estimates for other countries are reported in Figure OA-5 of Online Appendix H.
The focus on the US is motivated by growing interest in using the production
approach to analyze changes in market power (Autor et al. 2020; De Loecker et al.
2020). This line of research has attracted substantial attention regarding both
the economic implications of rising market power and methodologies for markup
measurement (Berry et al. 2019; Miller 2025). I aim to contribute to this literature
by exploring how a more flexible production function specification influences the
estimates of markup changes.

Figure 6 plots the sales-weighted aggregate markup changes in US manufac-
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Figure 6: Sales-Weighted Markup Trend Over Time in US Manufacturing
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Notes: This figure compares sales-weighted markup trends in US manufacturing derived from a
Cobb-Douglas (CD) production function versus a strongly homothetic production function with
Hicks-neutral and factor-augmenting productivity (FA).

turing from 1962 to 2018 based on CD and FA production functions. The FA
estimates show that the aggregate markup remained relatively stable around 1.35
throughout the 1960s and mid-1970s, after which it experienced a gradual decline,
falling to about 1.17 by 1980. Markups then began to increase again, exhibiting
cyclical fluctuations and ultimately reaching around 1.40 by the end of the sample.

When we compare the markup estimates obtained from the FA and CD speci-
fications, we observe that the CD estimates reveal an increase in markups of 18.0
pp (s.e.=2.2 pp) between the 1960s and 2010s. The FA specification also shows
a rise in markups, though more modest at around 6.6 pp (s.e.=14.4 pp) over the
same period.3¢

As described in Section 7, decomposing markup variation into components
attributable to elasticities and revenue shares could provide insights into these
differences. Figure OA-6 in Online Appendix H shows that variations in output
elasticities account for only 6.4% of the variance in the aggregate markup under
the CD specification, whereas they account for 61.1% under the FA specification.
Thus, while revenue shares predominantly drive markup variation in both specifi-
cations, the FA approach indicates more variation in output elasticities over time
than the CD specification.

These results complement recent findings on markups and market power in US

36The corresponding markup changes from the CES and TR specifications are 24.6 pp and 12.1
pp, respectively. The difference between the CD and FA markups is statistically significant at
the 95% confidence level for most years after the 1980s, as reported in Figure OA-5 of Online
Appendix H.
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manufacturing. For instance, Foster et al. (2024) find stable or declining markups
using Census data when estimating the production function at the 4-digit industry
level. Other studies have adopted demand-based methods to measure markups in
various manufacturing industries. Grieco et al. (2023) find no rise in average
markups in the auto industry, while others identify rising markups, including
Miller et al. (2023) in the cement industry, Dépper et al. (2024) in consumer
packaged goods, and De Loecker and Scott (2024) in the beer industry.

In concluding this section, it is important to note that these findings are specific
to the manufacturing sector and should not be generalized to the entire economy.
The drivers of market power likely vary across sectors, with industry-specific re-
search showing distinct patterns of markups in different industries (Miller 2025).
This paper’s empirical results emphasize the importance of allowing for produc-
tion function flexibility when measuring markups using the production approach.
Moreover, this paper focuses on only one dimension of production function flexi-
bility through labor-augmenting productivity. Incorporating other dimensions of
flexibility—such as accounting for market power in input and output markets,
multi-product production, or adjustment costs— could further improve our un-

derstanding of markup measurement.

9 Robustness Checks and Extensions

This section describes the robustness checks presented in Online Appendix G.

9.1 Quantity Production Functions

Most production datasets report revenue rather than physical output. In the
presence of unobserved demand shocks and imperfect competition, revenue-based
output elasticities may fail to accurately identify markups (Bond et al. 2021).
To analyze the robustness of my findings to this concern, I estimate production
functions using physical output in six Indian manufacturing industries.

I focus on industries producing relatively homogeneous products: brick tiles,
cotton shirts, biri cigarettes, black tea, parboiled non-basmati rice, and raw non-

basmati rice.>” Following Raval (2023), the sample includes plants that obtain at

37Using physical quantities in production functions presents its own challenges, such as account-
ing for quality differences, aggregating different units for multi-product firms, and comparing
different units across firms. By focusing on homogeneous products, I aim to address these issues.
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least 75% of their revenue from one of these products. Using this sample, I measure
output in physical units and then repeat the estimation procedure described in
Section 5. The results presented in Figure OA-7a of Online Appendix H indicate
that relying on revenues instead of physical quantities introduces an upward bias in
average capital elasticity (118.3%) and a downward bias in average labor elasticity
(1.5%). However, the main findings in Section 8.1 on markup comparisons across

production function models remain robust when using quantity data.

9.2 Heterogeneous Input Prices

Although my baseline empirical analysis assumes uniform input prices due to limi-
tations of traditional production datasets, new datasets increasingly provide input
price information. Not accounting for heterogeneous input prices may introduce
biases into production function estimates. To address this concern, I utilize wage
and intermediate input price data from a subset of Indian industries that pre-
dominantly rely on a single intermediate input. Following the extension outlined
in Online Appendix A, T estimate output elasticities while controlling for input
prices in the input demand functions. Results in Figure OA-7b of Online Ap-
pendix H show that in this empirical setting, failing to control for input prices
results in small negative biases (6.4%-32.0%) in output elasticities and markups;
however, the comparison findings across production function specifications remain
robust. This analysis also serves as an example of how additional control variables
can be incorporated into the estimation, which could be useful in other empirical

contexts.

9.3 Multi-Product Firms

Another potential concern is that many firms across different industries produce
multiple products, even though many production function estimation methods,
including the one in this paper, model single-product firms. To evaluate the im-
pact of this concern, I repeat the estimation procedure using only single-product
firms from Indian manufacturing industries. Results in Figure OA-7c¢ of Online
Appendix H indicate some biases in output elasticities ranging from -12.3% for
labor elasticity to 8.3% for capital elasticity. However, the markup comparison

findings from single-product firms are qualitatively similar to the main findings of
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the paper.
9.4 Measurement Error and Utilization in Capital

Another challenge in production function estimation is the potential measurement
error in capital input and the unobservability of capital utilization, which can be
exacerbated in nonparametric production functions. To assess whether these con-
cerns explain this paper’s findings, I perform two analyses described in Online
Appendix G.3. First, a simulation exercise suggests that measurement error in-
troduces a larger downward bias in capital elasticity for the labor-augmenting
production function than for the Cobb-Douglas specification—a result inconsis-
tent with my findings. Second, by assuming capital and electricity inputs are
perfect complements, I derive capital utilization in Chilean and Turkish data and
re-estimate the production function using utilized capital. While this correction
affects the levels of elasticities and markups, the results are qualitatively similar

to the main empirical findings.

10 Concluding Remarks

Production function estimation is central to analyzing various economic questions
related to firm behavior. For an accurate understanding of firm behavior, it is
important that our production functions capture the heterogeneity in production
technologies among firms. This paper takes a step in this direction by developing a
method for estimating production functions with factor-augmenting productivity
and by demonstrating its impact on output elasticities and markup estimates.
Methodologically, I propose an approach that identifies output elasticities from
a production function that includes both labor-augmenting and Hicks-neutral pro-
ductivity. This approach imposes a functional form structure known as homothetic
separability and exploits the cost minimization assumption to develop control vari-
ables for productivity shocks. Empirically, I demonstrate across five datasets that
neglecting labor-augmenting productivity and imposing parametric restrictions

can lead to biased estimates of output elasticities and markups.
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A  Proofs of Main Results

Proof of Proposition 2.1

This proof builds on the classic result of Shephard (1953). Throughout, I assume
that the standard properties of production functions hold (Chambers (1988, p.9)),
which guarantee that the cost function exists and Shephard’s Lemma holds.
Part (i)

The firm minimizes the cost of flexible inputs to produce the planned output, Yj:

mi]\r} PiLi +p)" My st. BE[F, (K, he(Kip,wi Lis, Mit)) exp(wiy ) exp(er) | Zie] = Y.

ity Vit

Since the information set includes (Kj;, wk, wil), we can write this problem as:

min p,Ly +py" My st. F, (Kit, he (K, whi Lig, Miy) ) exp(w)] )it (Tir) = Yie, (A1)

where &;;(Z;;) := Elexp(e;) | Zit]). Because the firm treats w} as fixed, this problem
can be recast as a cost minimization problem where the firm chooses effective labor
while facing quality-adjusted input prices. To see this, let L := wk Ly denote the
effective (quality-adjusted) labor and pl, := pl/wl denote the quality-adjusted

wage. The cost minimization problem in Equation (A.1) can be rewritten as

Mmi?. PiyLic + P My st Fy (K, he(Kip, Lig, M) exp(wyf) > Yie(Zie), (A.2)

where Yj; (Zit) := Yy /Eu(Tiy). 1 will suppress (Zy) in Y;, since &; (Z;) is a constant
due to independence of ¢;; from Z;;. Next, I derive the cost function from Equation

(A.2). Letting p;; = (9, p) denote the input prices, the cost function becomes:
C (Kzt> Y;t; zt 7p7,t)

Hlln { i + Py M : Vi Ft(Kitaht(KitaEitaMit)) exp(w{f)},
Lmﬁ {pzt i+ P My Ffl(Kz‘t;?it/ eXP(Wg)) < (Kt Lig, }
~ min { P (i Y exolwl)) (o Do + 0" M) = 1< (K Lios Mat) },
-1 ¥, H . T m .
=F, (Kit,Yit/ eXp(%t)) 7m}\r41 { (pitLit + Dy Mit) 1< ht(Kz LmM )}
_Clt(thY;h )CQt( Ztvpztapt ) (A-3)

where F;'(-) is the inverse function of F(-) with respect to its second argu-
ment. The second line follows from the assumption that F(-,-) is strictly mono-

tone in its second argument. In the third line, we exploit the homogeneity of
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h; and the linearity of the cost function to rewrite h; (Kit, Fy(-) Ly, Ft(-)Mit) as
F()h (Kit, Li, Mit). The fourth line follows because firms take (Kit,ffit,w{f) as
given. In the last line, the factorization in the previous step allows me to introduce
two new functions—C'4(+) and Cy(-)—which together describe the cost function.

By Shephard’s Lemma, the firm’s optimal demands for flexible inputs are given
by the derivatives of the cost function with respect to the input prices. Applying

this result yields the following ratio of materials to effective labor:
Mlt _ ac?t( zt;ﬁit?p;n)/ap? _ Cm (Kztaﬁitap;n)

Ly 80%( its D V) /0D Cue( Kt Dy, )
where C,¢(+) and Cj(-) are the derivatives of the function Cy(-) with respect to

py* and ﬁﬁt, respectively. Because L;; = wiLtL,-t, we can express M;;/L; as:
M, _ Cont (Kztapztvpt ) Wit
Ly Clt( itapitapt )

The resulting function depends on K, wk, and industry-specific input prices:

(A.4)

Mit = ft(Kitawi[iap;nvpi) = Tt(Kibwil;f)? (A5)
for some function ry (K, w; ) This completes the first part of the proof.
Part (ii)
In the second part of the proof, I will show that
8Tt(Kit,wi];)/8w{; >0 for all (Kit,wi];) or Ory (K, Zt)/@wlt <0 forall (Ki,w 1Lt)

By the properties of the cost functions, Cy,:(-) and Cp(-) are homogeneous of
degree zero in input prices (Chambers (1988, p.64)). Thus, we can divide all

input prices by p}* in Equation (A.1) and express the input ratio as:

_ m ~ l/m
M _ Cm( 1t7pit/pt 71) II; _ Om (Klﬁpz{ )wzt
it — = l/m
Cu( lt7pzt/pt ;1) Clt( ity Dig )
l

m _ m A l/m l/m m
Where pzt = pit/pt ) m (Kltvpu{ ) = Omt(K’LtapZ{ ) )7 a’nd Olt( Ztapn{ ) =

Cu(K. lt,pl{ ,1). Taking the logarithm of Equation (A.6) yields

108;(Mit) = —log (Clt( Ztapzt )/Cmt< 1t?p11{m)> +10g(WiLt)'

: (A-6)

Differentiating log(M;;) with respect to log(wh) gives
log(My) _ 9log (Cue(K o)/ Cont (Kt pit ™)) log(piy™) 1
9log(wf;) Glog(pl/m) dlog(wf;) 7
— 810g (élt( ztvplt )/Cmt(Kztvpzt ))
9 log(py; ™)

+ 1= 0Ky, whLig, Myp) + 1. (A7)

42



The last equality uses the fact that the elasticity of substitution equals minus the
derivative of the log input ratio with respect to the log input-price ratio (Cham-
bers (1988, p.94)).3® By Assumption 2.1(iii), o4(-) < 1 everywhere or o4(-) > 1

everywhere. Thus, the flexible input ratio is strictly monotone in wk. U

Lemma A.1. Let x, y, and z be scalar continuous random variables with joint
density f(x,y,z). Assume (x,y) are jointly independent of z. Then x and z are

independent conditional on y.

Proof. Let f(x | y) denote the conditional probability density function of x given y.
The independence assumption implies that f(x,y,2) = f(z,y)f(2). To complete
the proof, it suffices to show that f(z,z | y) = f(z | y)f(z | y). Using Bayes’ rule

for continuous random variables, I obtain

fane g = L@02) _ f@9)fE) _ ]9 0)E)
’ fy) f(y) ()

= flz[y)f(z|v),

= [z ]y)f(2),

where f(z | y) = f(z) because joint independence of (x,y) from z implies that y

is independent of z. n

Proof of Lemma 3.1
By Assumption 2.3, we have that wl 1L Zy; ; | wk |, wil |. Substituting w’ from
Equation (3.1), I obtain

gL(wz’Lt—lvwg—huilt) L T | WiLt—th—l- (A.8)

Since gr(wh |, wi |, uk) is strictly monotone in u},, Equation (A.8) implies

wy L Ty | witogs wif_y- (A.9)
By normalization, u}, is uniformly distributed conditional on (w5 ;,wf ;) and
by the timing assumption (K, Wi;_1,wh ;,wi ) € Z;; ;. Thus, Equation (A.9)

implies

1 L H
Uiy | K, Wi—1, iy, wi—q ~ U(0, 1).

38To see this, note that the elasticity of substitution between inputs (Xi, X,) with prices (pi,
p2) is defined as 0 = —0log(X1/X2)/0log(F1/F>). By cost minimization, Fy/Fs = p1/pe, thus
o= —0log(X1/X5)/0log(p1/p2)-
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(wh_ |, wit |) are functions of W;;_; by Equations (2.6) and (2.7). Using this, we

obtain

wly | Kit, W1, Feo1 (Kir—1, Mig—1), Se—1 (K-, Myg—1, My—1) ~ U(0,1),
which implies u}, | K, Wi—1 ~ U(0, 1). g
Proof of Lemma 3.2

By Assumption 2.3, we have that (Wl wf) I Z; ; | wk ,wi . Using the
representations of productivity shocks in Equations (3.1) and (3.5) yields

L H H 1 H
gr(Wit_1, Wi_1, U zt) gH( Wip—15 Wip— 1’uzt7uzt) L 7y 1|Wzt 1 Wit—1-

Monotonicity of gz(+) in u},, monotonicity of gg(+) in u%, and Lemma A.1 imply

that
2 L H 1
uy L Ty | Wit—1y Wig—15 Uy (A.lO)

It follows from Equation (A.10), the fact that u? is uniformly distributed condi-
tional on (wh |, wi | ul), and (K, Wi_1) € Tz, that
zt | Kztawzt 1, Wi 17wzlt{ 1, U; NU<0 1)
L

(wk_,wi ) are functions of Wj;_; by Equations (2.6)-(2.7). Using this, we obtain

Zt ’ Kztavvzt 1, Uy NU(O 1) O

B Identification of Reduced Form Production Function

In this section, I show that the reduced form representation of strongly homothetic
production (f;, hy) in Equation (4.7) is identified using the moment in Equation

(5.3). I begin by proving auxiliary lemmas and then present the main proof.

B.1 Auxiliary Lemmas

Lemma B.1. Suppose that w,z,z,s are continuous random variables and that
Var (5 | w, z,x) > 0. Then, the functions f(w, z,x) and h(w, z,x) can be uniquely

identified from the relationship
y(w, z,x,8) = f(w, z,x) — h(w, z,x)s,

where y(w, z,x, s) is a known function.
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Proof. Given that Var (3 | w, z,m) > 0, it follows that there exist at least two
distinct values of s, say s; and sp, with positive density for each fixed (w, z, z).

Considering these two distinct values of s for the same (w, z, x), we can write

y1 = f(w, z,x) — h(w, z,x)s1, (B.1)
Y2 = f(wa Z,.’L') - h(wazax)SQ' (BQ)

Subtract Equation (B.1) from Equation (B.2) to eliminate f(w, z,x):
Yo — y1 = h(w, z,x)(s1 — $2).

which identifies h(w, z, x) as: h(w,z,x) = (y2 — y1)/(s1 — s2). Substituting A(-)
into Equation (B.1) and solving for f(w, z, z) identifies f(w, z, ). O

Lemma B.2. Let p : R2 — R be a known, differentiable function. Suppose
there exist unknown differentiable functions f : RZ — R and h : Ry — Ry such
that for all w,x,z > 0, f(w,zh(x)) = p(w,z,z), then h(x) is identified up to a
multiplicative constant, and f(w,y) := f(w, zh(z)) (where y := zh(x)) is identified

up to a normalization given in the proof.

Proof. Taking derivatives of f(w, zh(z)) = p(w, x, z) with respect to z and x yields

fo(w, zh(z))h(x) = p3(w, x, 2), fa(w, zh(x))zh (x) = pa(w, x, 2),

where the subscript k denotes the derivative of the function with respect to the k"
argument, e.g., fo(w, zh(z)) = df(w,y)/dy. Taking the ratio of these derivatives:

h(z)  pa(w,z,2)
h(z) — ps(w,z,2)z"
Recognizing that h'(z)/h(x) = (d/dx)log h(z), we can identify log(h(x)) up to a

(B.3)

constant by integrating Equation (B.3). Hence, h(z) is identified up to a scale.
Then, f(w,y) is identified from f(w, zh(z)) = p(w,x, z) up to the following nor-
malization: f(w,y) = f(w,y/c) and h(z) = ch(z) with ¢ > 0 such that if (f,h)
satisfy the conditions of the lemma then (f, ) satisfy them too. O

Lemma B.3. Suppose f(x,y) has continuous partial derivatives Of/0x and

Of/0y. Then it is uniquely determined up to a constant by its derivatives.

Proof. Define fi(-) = 0f(z,y)/0x and fo(-) = 0f(x,y)/y. Integrating fi(x,y):

fla,y) = / fi(e) dz + g(y), (B.4)
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where ¢(y) is an arbitrary function. Differentiating Equation (B3.4) with respect

foliy) = (/flxydm)m()

a1(y) = fole,y) - (/flxydx). (B.5)

Integrating Equation (B.5) with respect to y:

o) = [ e - o ([ fteae) [av+c (5.6)

where C'is a constant. Substituting Equation (B.6) into Equation (B.4):

ten = [ Andes [[nen - 2 ([ e |asc o)

Thus, f(x,y) is determined up to a constant by its partial derivatives. O

to y:

Solving for g;(y):

B.2 Proof of Proposition 5.1

The strongly homothetic production function has the following reduced-form:

yir = fi (K, Lz‘tﬁt(Mz‘t)) + Wi + € (B.8)
Substituting the control function for wX we obtain:
Yit = fr(Kit, Lithe (M) + cor(Wie—1, uly u) + €, Elew | Ky, Mig, Mg, Wip—1, u}y, u3y] = 0.
Under the strongly homothetic production function, the control variables are
uy, = FMit(Mit) and u? = Fgy 1k wir L, L (M | Ky, Wig—1, u},). Since Fyp (Mzt) is
a monotone transformation of Mit, we can set u}, to M;, for the purposes of this

proof. Substituting u}, and u? into the equation above gives:
Yit = [t (Km Litl_lt(Mit)) + cQt(Wit—ly Mit, §t(Kit, My, Mita VVit—l)) + €it,

where §,(-) := FMuIKz-t,Wit-hu}t(Mit | K, Wis_1,u}). In this equation, (f;, by, co)
are unknown functions to be estimated, and $;(-) can be treated as known in this
proof since it is identified from the data in the first stage.

I will next simplify the notation to present the proof in a compact form. First

I transform the arguments of 3;(-) and can rewrite this equation as
Yit = ft(Kit> Litﬁt(Mit)) + CQt(VVit—b Mita St(Kit; Ly, Mita Witfl)) + €it, (B-9)

where  §(z1,m9,x3,24) = Si(w1,x2/x3, 23, T4). Second, I relabel
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(Kit,Lit7Mit,W/z‘t—1) as (w,z,x,t), hy as h, cy as g, and drop the time and

firm subscripts to obtain
Yy = f(w,zh(x)) + g(t,x, s(w, z,x,t)) + e, Ele | w, z,x,t] = 0.
Taking the expectation of both sides conditional on (w, z, z,t), we obtain
Ely | w, z,z,t] = f(w, zh(z)) + g(t, 2, s(w, z,z,1)). (B.10)

Since the data identify E[y | w, z, z, t] as a conditional expectation we must show
that f and h are identified from Ely | w,z,2,t]. Let € be the space of func-
tions satisfying our assumptions, where true functions (fo, ho, go) € Q. Following

Matzkin (2007), (f, h, §) € Q is observationally equivalent to (fo, ho, go) if
fo(w, zho(x)) +go(t,x, s(w, z,x,t)) = f(w,zﬁ(x)) + g(t,x,s(w, z,x,t)). (B.11)

(fo, ho, go) € €2 are identifiable if no other member of €2 is observationally equiva-
lent to them. If identification holds except in special or pathological cases, then

the model is said to be generically identified (Lewbel 2019).

Proposition B.1. Suppose that (i) functions (fo, ho, go, ) are twice continuously
differentiable and have non-zero derivatives almost everywhere, (ii) the joint dis-
tribution function of (w, z,x,t) is absolutely continuous with positive density ev-
erywhere on its support, (iii) Var(si(w, z,x,t)/se(w, z,2,t) | w,z,x) > 0 where
s1 = 0s/0w and sy = 0s/0z. Then gy is identified up to a constant, hy is identi-

fied up to a scale, and fy is identified up to a normalization given in the proof.

Proof. 1 will show that if there exists observationally equivalent (f,h,g) and
( f,h, g) as defined in Equation (B.11), then they must equal each other up to
the normalization given in the proposition. Let y(w, z, z,t) denote Ely | w, z, z, t].
Taking derivatives of y(w, z, x,t) with respect to w and z using Equation (B.10)

yields the following equations:

yi(w, z,2,t) = fi (w,zh(m)) —i—gg(t,x,s(w,z,x,t))sl(w,z,x,t), (B.12)
yo(w, z,2,t) = fow, zh(x))h(z) + g3(t, 7, s(w, 2, z, 1)) sa(w, 2, x,t),  (B.13)

where a function subscript k£ (e.g., fi) denotes the partial derivative of that

function with respect to its k-th argument. Multiplying Equation (B.13) by
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s1(w, z,x,t)/sa(w, z, z,t) and subtracting Equation (13.12) yield

yi(w,z, z,t) — yo(w, z, z, ) (81(w, z,x,t)/s9(w, z,x,t)) =
fi(w, zh(z)) = fo(w, zh(z))h(z) (s1(w, 2, 2, t) /52w, 2, 3, 1)) (B.14)

The left-hand side of Equation (B.14) includes identified functions. Denote
it by y(w,z,x,t) and define ﬁ(w,z,x) = fl(w,zh(a:)) and ]?Q(w,z,x) =
fo(w, zh(x))h(z). With these functions, Equation (13.11) can be written as:

y(w, z,x,t) = fl(w, z,x) — fg(w, z,2)8(w, z, x,t) (B.15)

where 5(-) = s1(+)/s2(+). By Assumption (iii), applying Lemma B.1 implies that
both fAl(w, z,x) and j/";(w, z,x) are identified from Equation (B.15). To separately
identify h(z) and fi(w,v) := fi(w, zh(z)) from fl(w, z,x), we apply Lemma B.2.
This lemma shows that h(z) is identified up to scale (h(z) = ch(x)) and f; (w,v)
is identified from f1(w, z, #) up to a normalization (f(w,v) = f(w,v/c)). Once we
know h(x), the identification of ]/‘"\Q(w, z,x) implies that f, (w, v) is also identified
up to the same normalization.

To proceed with the results, assume that c is fixed. Applying Lemma B.3
shows that the identification of its partial derivatives implies the identification of
f(w,v) up to a constant. Therefore, for a fixed ¢, h(x) is identified, and f(w,v) is

identified up to a constant. Since ¢ > 0 can take any positive value, we have that

fw,v) = f(w,v/c) + a, h(z) = ch(z).

Here, ¢ and a are arbitrary constants representing the scale and additive shifts.
Therefore, all observationally equivalent functions satisfy these relationships,

which concludes the proof of Proposition B.1. m

To finish the proof of Proposition 5.1, we need to map its conditions to the
conditions of Proposition B.1 as they are given in a different notation. The equiv-
alence of Conditions (i-ii) under Proposition 5.1 and Proposition B.1 is trivial. For
Condition (iii), Proposition 5.1 stated that Var($;(z1, o, 3, x4)/82(x1, T2, T3, T4) |
x1,To,x3) > 0 where 5(z1, X9, v3,x4) = s(x1,T2/w3, x3,4). This implies Proposi-
tion B.1 Condition (iii) since:

51($17$2,$3,I4)x3 _ 81($17$2/$37$3,$4)x2
52($17I2,$3,$4) 52($1,$2/x37I3,$4)
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based on the notation redefinition given in Equation (3.9). Taking the conditional
variance implies that condition (iii) of Proposition 5.1 is equivalent to condition
(iii) of Proposition B.1. Therefore, Proposition B.1 implies that Proposition 5.1
holds.

49



References

Ackerberg, Daniel A., Caves, Kevin, and Frazer, Garth (2015). “Identi-
fication Properties of Recent Production Function Estimators”. Econometrica
83.6, pp. 2411-2451.

Ackerberg, Daniel A. and De Loecker, Jan (2024). “Production Function
Identification Under Imperfect Competition”. Working Paper.

Ackerberg, Daniel A., Hahn, Jinyong, and Pan, Qingsong (2023). “Non-
parametric Identification Using Timing and Information Set Assumptions with
an Application to Non-Hicks Neutral Productivity Shocks”. Working Paper.

Anderson, Simon P., Erkal, Nisvan, and Piccinin, Daniel (2020). “Ag-
gregative Games and Oligopoly Theory: Short-Run and Long-Run Analysis”.
The RAND Journal of Economics 51.2, pp. 470-495.

Autor, David, Dorn, David, Katz, Lawrence F, Patterson, Christina,
and Van Reenen, John (2020). “The Fall of the Labor Share and the Rise
of Superstar Firms”. The Quarterly Journal of Economics 135.2, pp. 645-709.

Berry, Steven, Gaynor, Martin, and Scott Morton, Fiona (2019). “Do
Increasing Markups Matter? Lessons from Empirical Industrial Organization”.
Journal of Economic Perspectives 33.3, pp. 44—68.

Blundell, Richard and Bond, Stephen (2000). “GMM Estimation with Per-
sistent Panel Data: An Application to Production Functions”. Econometric
Reviews 19.3, pp. 321-340.

Bond, Steve, Hashemi, Arshia, Kaplan, Greg, and Zoch, Piotr (2021).
“Some Unpleasant Markup Arithmetic: Production Function Elasticities and
Their Estimation from Production Data”. Journal of Monetary Economics 121,
pp. 1-14.

Caplin, Andrew and Nalebuff, Barry (1991). “Aggregation and Imperfect
Competition: On the Existence of Equilibrium”. Econometrica 59.1, pp. 25-59.

Caradonna, Peter, Miller, Nathan, and Sheu, Gloria (2025). “Mergers,
Entry, and Consumer Welfare”. American Economic Journal: Microeconomics.
Forthcoming.

Chambers, Robert G (1988). Applied Production Analysis: A Dual Approach.
Cambridge University Press.

Chernozhukov, Victor and Hansen, Christian (2008). “Instrumental Vari-
able Quantile Regression: A Robust Inference Approach”. Journal of FEcono-
metrics 142.1, pp. 379-398.

DANE Colombia (1991). Encuesta Anual Manufacturera. Departamento Ad-
ministrativo Nacional de Estadistica, Government of Colombia.

De Loecker, Jan, Eeckhout, Jan, and Unger, Gabriel (2020). “The Rise of
Market Power and the Macroeconomic Implications”. The Quarterly Journal
of Economics 135.2, pp. 561-644.

20



De Loecker, Jan and Scott, Paul (2024). “Markup Estimation using Produc-
tion and Demand Data. An Application to the US Brewing Industry”. Working
Paper.

De Loecker, Jan and Syverson, Chad (2021). “An Industrial Organization
Perspective on Productivity”. Handbook of Industrial Organization. Vol. 4. El-
sevier, pp. 141-223.

De Loecker, Jan and Warzynski, Frederic (2012). “Markups and Firm-Level
Export Status”. American Economic Review 102.6, pp. 2437-2471.

De Ridder, Maarten, Grassi, Basile, and Morzenti, Giovanni (2025). “The
Hitchhiker’s Guide to Markup Estimation: Assessing Estimates from Financial
Data”. LSE Working Paper.

Diamond, Peter, McFadden, Daniel, and Rodriguez, Miguel (1978).
“Measurement of the Elasticity of Factor Substitution and Bias of Technical
Change”. 2, pp. 125-147.

Dopper, Hendrik, MacKay, Alexander, Miller, Nathan H, and Stiebale,
Joel (2024). “Rising Markups and the Role of Consumer Preferences”. NBER
Working Paper w32739.

Doraszelski, Ulrich and Jaumandreu, Jordi (2018). “Measuring the Bias of
Technological Change”. Journal of Political Economy 126.3, pp. 1027-1084.

— (2019). “Using Cost Minimization to Estimate Markups”. Working Paper.

— (2023). “Reexamining the De Loecker and Warzynski (2012) Method for Esti-
mating Markups”. Working Paper.

Foster, Lucia, Haltiwanger, John, and Tuttle, Cody (2024). “Rising
Markups or Changing Technology”. NBER Working Paper w30491.

Gandhi, Amit, Navarro, Salvador, and Rivers, David A. (2020). “On
the Identification of Gross Output Production Functions”. Journal of Polit-
1cal Economy 128.8, pp. 2973-3016.

Grieco, Paul L E, Murry, Charles, and Yurukoglu, Ali (2023). “The Evolu-
tion of Market Power in the U.S. Automobile Industry”. The Quarterly Journal
of Economics 139.2, pp. 1201-1253.

Haltiwanger, John, Kulick, Robert B, and Syverson, Chad (2018). “Mis-
allocation Measures: The Distortion That Ate the Residual”. Becker Friedman
Institute for Economics Working Paper.

Hsieh, Chang-Tai and Klenow, Peter J (2009). “Misallocation and Manufac-
turing TFP in China and India”. The Quarterly Journal of Economics 124.4,
pp. 1403-1448.

Imbens, Guido and Newey, Whitney (2009). “Identification and Estimation of
Triangular Simultaneous Equations Models Without Additivity”. Econometrica
77.5, pp. 1481-1512.

INE Chile (1996). Encuesta Nacional Industrial Anual. Instituto Nacional de
Estadistica, Government of Chile.

o1



Jensen, Martin Kaae (2018). “Aggregative Games”. Handbook of Game Theory
and Industrial Organization, Volume I. Edward Elgar Publishing, pp. 66-92.

Kasy, Maximilian (2011). “Identification in Triangular Systems Using Control
Functions”. Econometric Theory 27.3, pp. 663-671.

Keller, Wolfgang and Yeaple, Stephen R (2009). “Multinational Enterprises,
International Trade, and Productivity Growth: Firm-Level Evidence from the
United States”. The Review of Economics and Statistics 91.4, pp. 821-831.

Levinsohn, James and Petrin, Amil (2003). “Estimating Production Func-
tions Using Inputs to Control for Unobservables”. The Review of FEconomic
Studies 70.2, pp. 317-341.

Lewbel, Arthur (2019). “The Identification Zoo: Meanings of Identification in
Econometrics”. Journal of Economic Literature 57.4, pp. 835-903.

Lewbel, Arthur and Linton, Oliver (2007). “Nonparametric Matching and Ef-
ficient Estimators of Homothetically Separable Functions”. Econometrica 75.4,
pp- 1209-1227.

Matzkin, Rosa L (2007). “Nonparametric Identification”. Handbook of Econo-
metrics. Vol. 6. Elsevier, pp. 5307-5368.

Miller, Nathan, Osborne, Matthew, Sheu, Gloria, and Sileo, Gretchen
(2023). “Technology and Market Power: The United States Cement Indus-
try, 1974-2019”. Georgetown McDonough School of Business Research Paper
4041168.

Miller, Nathan H. (2025). “Industrial Organization and the Rise of Market
Power”. International Journal of Industrial Organization 98, p. 103131.

MOSPI (2024). Annual Survey of Industries. Ministry of Statistics and Pro-
gramme Implementation, Government of India.

Nadiri, M. Ishaq (1982). “Producers Theory”. Handbook of Mathematical Eco-
nomaics. Vol. 2. Elsevier, pp. 431-490.

Nocke, Volker and Schutz, Nicolas (2018). “Multiproduct-firm Oligopoly: An
Aggregative Games Approach”. Econometrica 86.2, pp. 523-557.

Nocke, Volker and Whinston, Michael D (2022). “Concentration Thresholds
for Horizontal Mergers”. American Economic Review 112.6, pp. 1915-1948.
Oberfield, Ezra and Raval, Devesh (2021). “Micro Data and Macro Technol-

ogy”. Econometrica 89.2, pp. 703-732.

Olley, G. Steven and Pakes, Ariel (1996). “The Dynamics of Productivity in
the Telecommunications Equipment Industry”. Econometrica 64.6, pp. 1263
1297.

Pan, Qingsong (2024). “Identification of Gross Output Production Functions
with a Nonseparable Productivity Shock”. SSRN Working Paper 4899485.

Raval, Devesh (2019). “The Micro Elasticity of Substitution and Non-neutral
Technology”. The RAND Journal of Economics 50.1, pp. 147-167.

52



Raval, Devesh (2023). “Testing the Production Approach to Markup Estima-
tion”. Rewview of Economic Studies 90.5, pp. 2592-2611.

S&P (2019). Compustat North America Fundamentals Annual. Accessed March
2019 via Wharton Research Data Services (WRDS).

Shephard, Ronald W (1953). Cost and Production Functions. Princeton Uni-
versity Press.

Syverson, Chad (2011). “What Determines Productivity?” Journal of Economic
Literature 49.2, pp. 326-365.

TurkStat (2024). Industry Statistics. Turkish Statistical Institute, Republic of
Turkey.

Wooldridge, Jeffrey M (2009). “On Estimating Firm-level Production Func-
tions Using Proxy Variables to Control for Unobservables”. Economics Letters
104.3, pp. 112-114.

Yeh, Chen, Macaluso, Claudia, and Hershbein, Brad (2022). “Monopsony
in the US Labor Market”. American Economic Review 112.7, pp. 2099-2138.

Zhang, Hongsong (2019). “Non-neutral Technology, Firm Heterogeneity, and
Labor Demand”. Journal of Development Economics 140.3, pp. 145-168.

93



Econometrica Supplementary Material

SUPPLEMENT TO “PRODUCTION FUNCTION ESTIMATION WITH
FACTOR-AUGMENTING TECHNOLOGY: AN APPLICATION TO MARKUPS”

MERT DEMIRER
Massachusetts Institute of Technology

S.1. EXTENSION TO HETEROGENEOUS INPUT PRICES

In this extension, I allow input prices to vary across firms. Let p!, and p?* denote the wage
and materials prices. Define p;; := (pl,,p7") as the input price vector and define p'/™ := p!, /p™
as the input price ratio. Unlike in the main model, we now include input prices in W;, so we
let Wi, := (K4, Lit, My, Dit). To account for firm-level variation in input prices, I revise the

Markov and monotonicity assumptions as follows.

ASSUMPTION S.1—First-Order Markov with Heterogeneous Input Prices: The distribution
of productivity shocks and input prices satisfies the following condition:

P(wi,wit s Pit | Lis—1) = P(wy,wli ,Die | wi_ 1y wWh 1, Die—1)- (S.1)

This assumption states that input prices and productivity shocks jointly follow an exogenous,
first-order Markov process. Notably, this assumption allows productivity shocks and input
prices to be correlated, capturing cases such as more productive workers (those with higher
wk) earning higher wages.

ASSUMPTION S.2—Monotonicity with Heterogeneous Input Prices: The firm’s materials
H

demand is given by M, = s;(K;;, wiLt, wil, Pit), and it is strictly increasing in wg.

This assumption generalizes Assumption 2.5 from the main model by allowing materials de-
mand to depend on both input prices. In addition to these new assumptions, I retain Assump-
tions 2.1, 2.2, and 2.4 from the main model and state the following proposition.

PROPOSITION S.1:
(i) Suppose Assumptions 2.1(i-ii) alzd 2.2 hold. With firm-level heterogeneity in input prices,

the flexible input ratio, denoted by M;, = M,/ L;,, relies on K, wk and p%m:

My = ry(Ki, wly, pif™)- (S:2)
(ii) Under Assumption 2.1(iii), v, (K, wﬁ,p%m) is strictly monotone in w.

The proof is a straightforward extension of the proof of Proposition 2.1, and is therefore omit-
ted. In contrast to Proposition 2.1, the flexible input ratio here also depends on the input price
ratio p%m, implying that once we condition on pli{m and K, Equation (S.2) is invertible to
obtain w}.! By inverting Equation (S.2) with respect to w’; and then inverting the materials
demand function in Assumption S.2 with respect to w’?, we can write productivity shocks as

follows:

Wi = t(KitaMitap%m)a Wil =5¢(Kye, My, My, Dit)- (S.3)

K2

~
|

'Because of the cost function’s properties, only the price ratio affects the flexible input ratio.
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The derivation of the control variables proceeds similarly to that in Section 3. First, I use Sko-
rokhod’s representation of w/, which gives:

I/m I/m

l l 1 1,.,L H
AW )y Ui | Wit Wit P15 ~ U0, 1), (S.4)

L _ L H
Wit = 9J1 (wit—lvwit—lvpitflvpit » Uit

Unlike in Equation (3.1) of the main text, g;(-) now includes both current and lagged input
price ratios. This follows from Proposition S.1, which indicates that the optimal input ratio
depends on input price ratios. Combining Equations (S.2), (S.3), and (S.4) gives:

~ L H l/m I/m 1 l/my _ ~ I/m 1
My =r(Kit, 1 (wit_pwit_ppi{,l,pi{ ,uit),pi{ ) =7t (Kit, Wit—hpié Ugt), (S.5)
where 7 () is strictly monotone in u},.

LEMMA S.1: Under Assumptions 2.4, S.1, and S.2, u}, is jointly independent of (K, Wit,l,pzm).

PROOF: This proof closely follows the proof of Lemma 3.1. By Assumption S.1:
l/m _
(pi{ ,WiLt) U Zi Iwﬁ_l,wﬁ_l,pitm
l/m l/m l/m _
pi{ 791(%%—1’”5—1»%{—17171'{ yug) AL Ty |wi[2—1’wg—17pit71-
Monotonicity of g, (-) with respect to its last argument implies that

1 L H I/m _1l/m
Uy AL Ty [wyy Wi 15Dt P

. . e . m 1 o
Since uZ, has a uniform distribution conditional on (w%_,,wf |, pt™, p!/™ ) by normalization

in Equation (S.4) and (K;;, W;;_1) € Z;;_1, we have that
u'}t | K’it7 Wit—lawzﬁ—lvw'g—lvp%m7p%:nl ~ U(Oa 1)
Using Equation (S.3), we substitute (w_,,w! ) as functions of (W;;_,) to obtain:

u'}t | Ky, Witflvp%m ~U(0,1).

With this lemma and using Equation (S.5), u}, can be identified as: Q.E.D.
~ l/m
’U/}t = FJ\Z” |Kit Wit_1 ’p%m (Mzt | Kit7 Wit—lvpi{ )

Next, using Equations (S.3) and (S.4), we can write wh = ¢;,(W;;_1, p%m, uj},). Unlike in the
main model, this control function includes the price ratio pi{ " since uj}, is defined conditional
on the price ratio in Equation (S.4). The control function for w¥ follows a similar derivation:

_ L H = _ 1 2 2 L H = 1
Wiy = 92(Wi_ 15 Wip 15 Dit—1, Dit, Uggy Usy ), Ugy | Wiy, Wiy, Dit—1, Dies Uy ~ U(0,1).

Following the same steps used to derive Equation (3.2), the materials demand can be derived
as M,;, = 5, (Kit, Wis_1, Dit, Ul uft), with §,(-) strictly monotone in uZ,.

LEMMA S.2: Under Assumptions 2.4, S.1 and S.2, u3, is jointly independent of (K;;, Wiy 1, Dit, ul,).
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PROOF: This proof closely follows the proof of Lemma 3.2. By Assumption S.1 we have

_ L H L H _
(Pitswipswiy) AL Liz—1 [wiy_ 1, w5515 Pie—1,

_ L H 1/m I/m 1 L H — — 1 2 L H =
Dits 91 (Wit 1, Wit— 1Pt 15Pie 2 Uin)s 92(Wig— 15 Wiz 15 Pit—15Pits Uiy, Use) AL Tip—1 [wii_ 1, wip 1, Dit—1-

Monotonicity of g, (-) and g»(-) with respect to their last arguments and Lemma S.1 imply that
uft J-l— Iitfl | wi{;_l)wg_lapit)pitfla ugt'

Since uZ has a uniform distribution conditional on (w’ |, wH | D, Pir—1,ul,) and (K, Wiy 1) €
Zit—1, we have

2 L H - .1
gy | K, Wig—1,wiy_ 1, Wiy, Daes gy ~ U(0,1).

Using Equation (S.3) to substitute (w’ |, w! ) as functions of W;;_,, I obtain

) .E.D.
u?t | Kt Wz‘t—hpit,u%t ~U(0,1). Q

From this lemma and the strict monotonicity of M;; in u?,, we can recover u?, as

2 _
u;, =Fy,

i

= 1
1K, Wig—1,Di8,ul, (M | Ky, Wig—1, it ugy)

and the control function is given by wfi = cor(Wit_1, Pit, uly, u?,). Therefore, once we allow
input prices to vary, the control functions take the form w’ = ¢1,(Wi,_1, pt™, ul,) and w? =
Cot(Wis_1, Pis, usy, uZ,). The rest of the identification and estimation results remain the same
with these modifications in the control variables.

S.2. MODELS OF IMPERFECT COMPETITION

This section investigates the conditions under which the firm’s materials demand function
can be expressed as in Assumption 2.5, M;, = s,(K;;,w! wk). To achieve this, I begin by
deriving the firm’s materials demand function from its cost minimization problem.

S.2.1. Symmetric and Aggregative Product Market Competition Games

In Equation (A.3) of Appendix A, the firm’s static cost function is derived as follows:
Ct(i/ita Kitawgawia’pt) = Cre(K, ﬁt,wg)Cm(Kitapi/wﬁvp;n) (5.6)

where p, = (pl,p) is the input price vector. Here, Y;; denotes the firm’s static profit-
maximizing level of output. By Shephard’s Lemma, the firm’s materials demand is given by:

_ 801t(K1‘t;Y/;‘tawg)CQt(Kit,ﬁi/wﬁ’pF)

M;
' opy

= 5,(Ky, Y, wH W), (S.7)

it

Here, the firm’s materials demand depends on K, target output Y, productivity shocks
(wH wk), and the industry-specific input prices reflected in the ¢ index in §,(-). Next, com-

pare this expression with the materials demand function given in Assumption 2.5.

Mit:St(Kitvwngil,‘t)v (SS)
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Comparing Equation (S.8) with Equation (S.7) implies that, for our materials demand assump-
tion to hold, the firm’s profit-maximizing planned output Y;, must take the following form:
Y. =Y, (K ity Wi wZLt) In other words, the firm’s profit-maximizing output choice should de-
pend solely on (K;;,w ,wk) and any industry-level variables which can be represented by
the ¢ index in Y;(-). If this condition holds, the materials demand function derived from cost

minimization in Equation (S.7) can be written as:
= H , L\  H L
M;, = 5,(Kyu,Y, (Kit;wit 7wit)’wit s Wit)
_ H L
= 5:(Kit,wiy ,wip),

which is consistent with Assumption 2.5. Hence, in the remainder of this section, I establish
the sufficient conditions under which Y;, =Y, (K, w!!, w};) holds.

To achieve this, I require two high-level conditions. First, there must be no unobserved, ﬁer—
specific demand shifters, as these would affect the firm’s profit-maximizing output choice Y;.
Second, the firm’s output choice must not be influenced by individual competitors’ actions.
Otherwise, Y;; would depend on competitors” output (or price) decisions, which in turn depend
on their productivity, contradicting Y;; = Y;(K;,w!T,wk). However, the output choice may
still depend on common, industry-specific factors, which are captured by the ¢ index in the
Y () function.

One class of models satisfying these conditions is symmetric aggregative games, where a
firm’s best response depends only on industry-wide aggregates rather than on competitors’
individual actions. When such industry-level aggregates can be constructed in best-response
functions, the game can be represented as an aggregative game. Aggregative games are partic-
ularly useful because they reduce the dimensionality of the firm’s strategic problem.

In what follows, I will provide conditions under which a firm’s optimal output Y;; de-
pends on the aggregate in an aggregative game. I then present specific examples—such as
Cournot and Bertrand competition (with logit and CES demand) in oligopolistic competition
and CES/Kimball preferences in monopolistic competition—that can be framed as aggregative
games.

Consider a market with J firms. Each firm produces a single product according to the cost
function given in Equation (S.6). Products may be either perfect or imperfect substitutes, de-
pending on the assumed demand model. I assume each firm, in choosing Y;;, maximizes its
static profit function given the strategic actions (price or quantity) of its rivals. A Nash equilib-
rium exists when no firm can unilaterally change its chosen action to achieve a higher profit,
given all other firms’ actions. To simplify the notation, let w; = (K;,w,wl) collect the cost
determinants that firm ¢ treats as given in static optimization problems. I also drop the ¢ sub-
script throughout this section since the analysis here focuses on a single period. I start with two
definitions.

DEFINITION S.1—Aggregative Games, Acemoglu and Jensen (2013): A game is called
(linearly) aggregative if each firm’s payoff depends only on its own one-dimensional ac-
tion, a; > 0, and the sum of the actions of all firms, the aggregate, A = Z;}:l a;. Formally,
mi(a;,a_;) = m;(a;, A), where a_; denotes the action vector of all other firms.

In our setting, assuming that a; corresponds to firm ¢’s quantity choice (for now, before consid-
ering a specific model), firm ¢’s payoff can be expressed as

T = Rz(a) - C(aivwi)a
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where a = (ay,as, - ,ay) is the vector of actions across all firms, R;(-) is the revenue function
of firm ¢ and C(a;,w;) is the cost function that is common to all firms in the industry since the
production function is industry-specific.? If the game is aggregative, then the profit function
becomes:

Wi(ai,A,wi) = RZ(GZ,A) — C(ai,wi)
=Ri(a;, A_; +a;) — Cla;,w;),

where A_; = Zj ; @;. In this formulation, the aggregative structure ensures that the revenue
function depends only on the total actions of the rivals rather than each rival’s individual deci-
sion. However, the revenue function can still be firm-specific (as indicated by index i) because
it can be affected by firm-specific demand shocks. To address this, I also impose a symmetry
condition:

DEFINITION S.2—Symmetric Games: A competition game is symmetric (with respect to
demand) if each firm’s revenue satisfies R;(a;,a_;) = R;(a;,a_;) for any i, j.

In other words, the firm identities are exchangeable: if two firms produce the same amount and
face the same actions, their revenue is the same. In our setting, the symmetry condition implies
that for any two firms ¢ and j

Ri(ai, A,,L' + ai) — C(ai,wi) = RJ (ai, A,i + ai) — C(a“wz)
Using this, we can write the profit function as:
W(ai, A, U)Z) = R(ai, A—i + (li) — C((li, U)Z)

Therefore, under symmetry, once cost determinants are included, the functional form for profit
is no longer firm-specific (7; vs 7). In what follows, I write the profit function as 7(a;, A, w;).
When the cost vector w; is suppressed, I use the shorter 7;(a;, A), where the subscript now
signals the firm-specific cost variables.

With these assumptions, I aim to show that in a symmetric, aggregative competition game,
(1) each firm’s best response function depends only on the aggregate and its cost variables
a; = 7;(A) = 7(A,w;) where 7;(-) is the best response function and (ii) an equilibrium exists
and can be characterized by an aggregate A* such that a} = 7(A*,w;) and > a; = A*. The
proof proceeds in three steps. First, I characterize the conditions under which a firm’s best
response can be expressed as a function of the aggregate (that is, A instead of A_; because it
is trivial to show that the best response depends on A_; with a well-behaved profit function).
Second, I identify the conditions under which an equilibrium exists (that is, A* exists). Finally, I
give examples of some demand systems and competition games that satisfy these assumptions.

The analysis builds on Anderson et al. (2020), who study aggregative games in industrial
organization to derive comparative statics of entry. For completeness, I reproduce some of their
results and extend others to cover non-constant marginal cost cases.

PROPOSITION S.2—Existence of Firm’s Best Response as a function of the Aggregate:
Assume that

2If a; is the price, we can write quantity as a function of the aggregate and the firm’s price, as I show in Sec-
tions S.2.2.2 and S.2.2.3.



(i) The competition game is aggregative and symmetric.
(i) m;(a;,a_;) is twice differentiable, and strictly quasi-concave in a;, with a strictly nega-
tive second derivative with respect to a; at an interior maximum.
(lll) danT%i < dajz;i,i :
Then, each firm’s best response can be written as a function of the sum of all firms’ actions and
its cost variables w;. That is, the best response does not depend on the actions of the individual

competitors.

PROOF: Since the game is aggregative, we can express the firm’s profit function as
mi(a;,a_;) =m(A_i +a;,a;) = 7(A_; + a;,a;,w;).

By the strict quasi-concavity specified in condition (ii), there exists a unique a; = r;(A_;) that
maximizes the firm’s profit. I next show that da;/dA_; = ri(A_;) > —1. Differentiating the
FOC with respect to A_; and applying the chain rule:

827['1'
827Ti dai 8271'1‘ _8a~aA7-
— A )= 77— -1
gz dd Taaea, 0 —  nd)=s—me— >t
da?

by condition (iii). Next, I show that there is a one-to-one mapping between A_; and A. Differ-
entiating the aggregate function A = A_; + r;(A_;) with respect to A_;:

dA
dA_;

:1—‘-7“;(14,1) >O,

because r;(A_;) > —1. Hence, the mapping A_; to A is strictly increasing and thus invertible,
implying the existence of a function m; such that:
A_;=m;(A).
Substituting A_; = m;(A) into the best response function r;(+) yields
a; =1r;(A_;) =ri(m;(A)) =7(4) =7(A,w;).

Therefore, each firm’s optimal action can be expressed as a function of the aggregate and its
cost variables, which concludes the proof. Q.E.D.

Next, [ investigate the conditions that ensure the existence of an equilibrium. In particular, I
show that there exists a fixed point A* such that > 7;(A*) = A*.

LEMMA S.3—Existence of Aggregate using Brouwer Fixed Point Theorem: Assume that
each firm’s strategy space is compact. Then there exists an A* such that Y a; = > 7;(A*) =
A*.

PROOF: An equilibrium exists if and only if the best response function has a fixed point.
This implies that the aggregate A satisfies:

A="F(A) =F(A). (S.9)
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To show the existence of a fixed point, observe that each individual best response function 7;(A)
is continuous. Since each firm’s strategy space a; lies within a compact interval [a*™, a**¥],
the aggregate A must lie in the interval [y a™™, > a™®], which is also compact. Hence, the
aggregate best response function 7( A) maps the compact interval [A™» A™2~] into itself. Since
7(A) is continuous and its domain is a compact convex set, the Brouwer Fixed Point Theorem

guarantees the existence of a fixed point A*. Q.E.D.

LEMMA S.4—Existence of Aggregate using Intermediate Value Theorem: Assume that ac-
tions are strategic substitutes, that is, 7,(A_;) < 0. Then, there exists a unique A* such that

PROOF: First, I show that dr;(A)/dA < 1. Differentiate 7;(A) with respect to A:

ai(4) _ d
dA  dA

ri(mi(A)) = ri(mi(A))m;(A). (S.10)

Since m;(+) is a function of A= A_; + r;(A_,), by the inverse function theorem:

1 1
"(A) = = .
)= T T A)
dA_;

Substituting m/(A) back into Equation (S.10), we obtain:

A~ A Ty

Since 0 > r}(A_;) > —1, this equation implies that 7 (A) < 0, so 7;(-) is strictly decreasing.
The equilibrium condition can then be written as: A = 7#(A) with 7(A) =) 7;(A). Since each
7;(A) is strictly decreasing in A, their sum 7( A) inherits this property and is strictly decreasing.
Let G(A) =7(A) — A. Given that 7(A) is strictly decreasing, G(A) is also strictly decreasing.
I now impose the following boundary conditions:

lim G(A) = 7(A) — A >0, lim G(A) = lim 7(A) — A <0,

A—0 A— oo A—A

where A is the sum of the upper bound of the firms’ strategy spaces. These boundary conditions
hold under mild assumptions, such as bounded firm profits. Because G(A) is strictly decreasing
and meets these boundary conditions, it can cross zero at most once. Thus, G(A) = 0 has
a unique solution. Consequently, there is at most one equilibrium A* satisfying > 7;(A*) =
A*. Q.E.D.

S.2.2. Examples of Aggregative Oligopolistic Competition Models

In this section, I demonstrate that under some assumptions, both Cournot competition and
Nash—Bertrand competition with CES or logit demand meet the conditions of Proposition S.2
and are, therefore, aggregative games.
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S.2.2.1. Cournot Competition

In the Cournot model, the market price depends on the total quantity produced by the indus-
try. Let p(Q) be the inverse demand curve, where @ is the total output in the market. For firm
1, let Q)_; be the total output of all other firms, so Q = Q)_; + ¢;. The firm’s profit function is
given by

mi(q) = m:(Q, ) =p(Q)q: — Ci(a:),

where C;(q;) = C(q;,w;). Redefining the strategic variable a; := ¢; and A_; := Q) _;, we can
rewrite the profit function as:

mi(a) =m(A,a;) =p(A_; + a;)a; — Ci(a;).

Hence, Cournot competition is a symmetric aggregative game where the aggregate variable
is the total industry quantity (). This shows that condition (i) of Proposition S.2 is satisfied.
Next, I identify assumptions under which conditions (ii) and (iii) in Proposition S.2 hold for
the Cournot game.

PROPOSITION S.3: Under the following assumptions, the Cournot competition game satis-
fies conditions (ii) and (iii) of Proposition S.2:
(i) The cost function is increasing and convex, demand is downward sloping: Ci(a;) > 0,
CY(a;) > 0foralliand p'(A) <0.
(ii) The marginal revenue is decreasing: 2p'(A) + a;p” (A) < 0 for all i.

PROOF: I first show that the profit function is strictly quasi-concave by examining its second
derivative

d27ri / 7 "
T = (20/(A) + a:p”(4)) = CY(a).

K2

By condition (ii), the first term is negative, and by condition (i), the second term is non-positive.

Hence, the profit function is concave, satisfying the condition (ii) of Proposition S.2. Next, I

d>r; d?r;
2 < 2
2

o dadA In the Cournot

show that the condition (iii) of Proposition S.2 also holds:
model, this difference can be written as:

2 2

da2 B dai dA_l

K2

= (2p'(A) + a;p"(A) = C'(a:)) — (P'(A) + a: p" (A4))
=p'(4) = C'(a;) <0,

since p’(A) < 0 and C/'(a;) > 0 by Condition (i). This concludes that the firm’s best response
can be expressed as a function of the aggregate a; = r;(A). Q.E.D.

To show that an equilibrium A* exists, I impose the trivial assumption that each firm’s out-
put is restricted to a finite interval, a; € [0,a]. This makes the strategy space compact and by
Lemma S.3, there exists A* such that ) . 7;(A*) = A*, ensuring the existence of an equilib-
rium.
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S.2.2.2. Bertrand Competition with Logit Demand
In a symmetric Bertrand oligopoly game with logit demand, firm ¢’s residual demand is given
by:

exp((s — pi) /1

- > expl(s =)/’

D(piap—i)

where s is the “quality” parameter, p; is price of firm ¢, and p > O represents the degree of pref-
erence heterogeneity. Let a; = exp|[(s — p;)/u]. Then, we can transform the demand function
to write it as a function of a; as follows:

Da, )=, with A=} expl(s —p;)/u].

Using this notation, the firm’s profit function becomes:

a;

m = (s — plog(a;))g: — Cia:), 4= D<a“"A):A~7—i—a~'

Hence, the Nash—Bertrand game with logit demand is an aggregative game with respect to the
variable a;, satisfying condition (i) of Proposition S.2. I now present the assumptions under
which conditions (ii) and (iii) of Proposition S.2 are also satisfied.

LEMMA S.5: Under the following assumptions, the Bertrand competition with logit demand
satisfies conditions (ii) and (iii) of Proposition S.2:

(i) The cost function is convex and increasing: C!'(-) > 0, C{(-) > 0 for all i.

(ii) Positive markup: p; — C}(-) > 0 for all i in equilibrium.

PROOF: I begin by deriving the derivatives of the residual demand ¢; = D(a;, A) with re-
spectto A_; and a;

9q; A, 82(11' 2A_;
_ - 11
aai (A,Z + ai)2 > 07 aag (A,Z + ai)g < 07 (S )

82(]1- a; —A_; 6%’ a;
= = - 0 S.12
GaiaA_i (A_z + ai)3 ’ aA—’L (A—l + ai)2 = ( )

Next, I compute the derivatives of the profit function as follows:

Pr;  pg 2pdg d?q; dg; ’
o — uloe(a) — C'(a i 0" (g i
=t B (s (e - Clta) 5% - €l ()
327Ti M 0q; " dq; Oq; / 32%‘
da0A. ~ aoa.,  Cilag, g (s~ wloele) = Cila) F5mr—

The difference between these two expressions can be written as:
dm; d*m; w (g 0q; 0q; 9%q; 9%q;

1 _ 2 Y 77, _ 2 1 (3 _ 1 N / . K2 _ (2
da,? daidA,i a; (ai 60,1' + 8141) + (8 a Og(al) Cl(ql)) ( 80,12 c’)alc‘?Az)

A '8(11' 86]@'_ a(h'
Ci (Ql)aai da; 0A_; )
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Substituting the derivatives of g; in Equations (S.11-S.12), we obtain

d27T7; d271'7; o 12 < Afi

, 1
4 dadAs a 2)+(8—M10g(az')—0i(qz)) (—7>

_(A—i +a;) (A, +Cbz')2

[¢3) )

- Ci'(a:) ((Aj;aif) (A_i1+ ai) '

3

Observe that (s — plog(a;) — Ci(g;)) equals p; — C}(q;), which is positive by condition (ii).
Consequently, term (2) is negative. Term (3) is weakly positive due to the cost function’s con-
vexity (condition (i)), so its subtraction contributes non-positively to the expression. Since term
(1) is also negative, the entire expression is negative, thus establishing that condition (iii) of
Proposition S.2 is satisfied.

I now show that the firm’s profit function is strictly quasi-concave in a;. To that end, I first
express the profit function in terms of g;, substituting a; as a function of ¢;:

mi(q:) = (s — pllog(g;) +log(A_;) —log(1 — ¢:)])q; —Ci(a:) -
———

4 5

It is straightforward to verify that term (4) is concave in g;, and term (5) is also concave since
the cost function is convex. Hence, the profit function is quasi-concave in g;. Furthermore,
q; is monotone in a;. Since a monotone transformation of a quasi-concave function remains
quasi-concave, the profit function is quasi-concave in a;. This proves that the condition (ii) of
Proposition S.2 is satisfied. Q.E.D.

To show that an equilibrium A* exists, I apply Lemma S.3. With the inclusion of an outside
option, the demand function is well-defined at a; = 0, so the profit function is continuous on
a compact strategy space. Each firm’s best response a; is bounded: a; > 0 since pricing at
infinity yields zero profit while any finite price yields positive profit, and a; is bounded above
since pricing below marginal cost is suboptimal. Hence, the best responses lie in a compact
interval, and Lemma S.3 guarantees the existence of an equilibrium.

S.2.2.3. Bertrand Competition with CES Demand

In the CES demand system, firm 7’s demand is given by

—2—1

o

with A = ﬁ and p € (0,1) is the substitution parameter. Let a; = p; *. Then, the demand for
firm ¢ can be expressed as

b (a) B agk+1)/k B a5k+1)/k
! Zj#aj +a; A,i‘i‘ai,

where A_, =) . a;. Hence, the firm’s profit function becomes:

J#i
al(_xﬂ)/x

= (a; Mg — Cy(qs R —
Uv (az )qz 7.(%)7 qi A, +a,
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We thus observe that Bertrand competition under CES demand constitutes a symmetric ag-
gregative game in the variable a;, satisfying condition (i) of Proposition S.2. Next, we show
that under some assumptions, conditions (ii) and (iii) of Proposition S.2 are also satisfied.

LEMMA S.6: Under the assumptions below, the Bertrand competition with CES demand
satisfies conditions (ii) and (iii) of Proposition S.2.

(i) The cost function is convex and increasing: C{'(¢q;) >0, Cl(q;) > 0.

(i1) Substitution parameter p is less than 0.5.

(iil) Positive markup: p; — C(-) > 0 for all i in equilibrium.

PROOF: Note that the profit function can be written as:

(0%

(A, a:) = —— — Ci(q:)-
m(A ) = = Cila)
First, we show that %’%" — da‘jz‘iii < 0. We begin by computing the necessary derivatives:
827'('1‘ a; — A,i aq aq aQq
_ o C// ; 2 2 . C/ ; [
Ja A (A tap C'@) <8ai) (aA_i> @) 5094,
d*n; 2A_; 0%q; oq;\’
7 — 7 _ C/ ’ 3 _ C// ’ (2 .
da? (A_; +a;)? i) daZ ¢(a:) <8ai>

The difference can be written as
d*m; d*n; / 9%qi 9%q;i " 0q; ( O0q;  0Ogq;
1 2

(2) is non-positive because C!’'(g;) > 0 and

dg; a] 'yA_, —1)a} ; v
6 _0 yAut—Da O _ @l _

dai B (A,z + ai)2 814_1 (A,Z + CLZ‘)2

where + is defined as -y := (A 4+ 1)/\. Hence, we need to show that (1) + (3) is non-positive.
We assume the opposite to derive a contradiction. Focusing on term (1)

Pq | g o (DAL (v = 2)as
- a2 + aalaA_l) - 7Cz(q1)/y (A—z +ai)2 a;

i

(1) = Clla)(
Combining terms (1) and (3) yields

(v—DA i +(v—-2)
(A +a;)”

M+@3)=—v Y020l (g) -

(A +a;)?
which in turn implies that

—v((v = DA + (v = 2)a;)a] "Ci(g;) > 1. (S.13)
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By substituting p; = a, 7, the condition in Equation (S.13) can be written as:

1 Ci(ai) 1 Pi
- —1)A_; —2)a;)——L 1l = - —1A_; —2)a;)—
Yy =1Ai + (v )az)ai o Yy =1Ai + (v )az)ai eion
Simplifying further, we obtain
Pi
— —1)(A_;/a;) —v(v—2) > = . (S8.14)
(v = D(Ai/a;) —y(y—2) )

(4) (5)

Note that term (4) is negative and is maximized (i.e., equals 0) when ~ = 1. Likewise, (5)
is maximized at v = 1 and equals 1. Hence, the entire left-hand side is bounded above by
1. By condition (iii) p;/C’(g;) > 1, therefore Equation (S.14) cannot be satisfied, giving a
contradiction. This concludes that condition (iii) of Proposition S.2 holds.

We now show that the profit function is quasi-concave in a;. The second derivative of the
profit function is:

d27'(',- 2A—z / 82(]1' 7 aql ’
daf = _(A—i +ai)3 _Cz‘(%‘) 8@? _Ci (Qz) <aai> :

(1) (2) (3)

Because terms (1) and (3) are negative, we only need (2) to be negative. Given that C}(g;) is
positive, this reduces to showing 9%¢;/da? is positive:

[y —1 A2_i
g @[T - 94+ (- - 200

da? (A_; +a;)®

3

Note that condition (ii) implies that v > 2. Therefore, the above expression is positive. It fol-
lows that the profit function is concave in a;. Q.E.D.

Finally, to establish the existence of an equilibrium, we apply Lemma S.4 because prices,
and therefore a;’s, are strategic substitutes in Nash-Bertrand competition with CES demand.

S.2.3. Examples of Aggregative Monopolistic Competition Models

Monopolistic competition describes a market structure where firms are atomistic, and their
decisions do not affect market-level variables such as prices and quantities. Under certain con-
ditions, monopolistic competition models can be formulated as an aggregative game in which
each firm’s profit is expressed in terms of market-level aggregates and the firm’s strategic
choice. We begin by stating these conditions. Let 7 index a firm and assume there is a con-
tinuum of firms ¢ € [0, N|. Let u be the utility function that represents consumer preferences
over the firms’ products, and let F be the total budget.

ASSUMPTION S.3—Additive Separability: Preferences are additively separable

N N
max / u;(q;)di  subject to / piqidi=F,
1Jo 0

{aiticio,N
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ASSUMPTION S.4—Symmetric Preferences: w is symmetric over [0, N|, that is, for any
Lebesgue measure-preserving mapping 7 : [0, N] — [0, N] u({¢; }icjo,n) = v({@r@) Fiep,n)-

The assumptions of additive separability and symmetry imply that the consumer’s utility max-
imization problem can be written as:

N N
max / u(g;) di  subject to / p;q;di=E.
1Jo 0

{aiticio,N

Solving the FOC, we obtain the following inverse demand:

N
/ Qiu/(qi) di
Jo

i .

p(Qi):@ with A= (S.15)

From this inverse demand, the firm’s profit function can be written as:
u'(q:)q:
Wi(qzwwn)\) = f - C(Quwi);

where )\ is an aggregate term that depends on the distribution of ¢;. This profit function sat-
isfies the definition of an aggregative game given in Definition S.1. Hence, a monopolistic
competition model that satisfies additive separability and symmetry can be represented as an
aggregative game. Solving the FOC of firm ¢’s profit maximization problem:

u(q7)q; +u' () = ACi(q7), (8.16)

where C;(q;) = C(¢;,w;). This equation implicitly defines the firm’s optimal quantity choice
as a function of \ and its own cost parameters w,. Having derived the best response ¢; (A, w; ),
we substitute it into the definition of A in Equation (S.15) to obtain:

N
/ ar O w ' (g (A wy)) di
0
. .

\— (S.17)

This equation defines a fixed point relationship with respect to A, thus characterizing the equi-
librium. Next, I present several commonly used monopolistic competition models under this
family following Arkolakis and Morlacco (2017) and Parenti et al. (2017).

S.2.3.1. CES Preferences

Following Melitz (2003), the CES demand system has been widely employed in models of
monopolistic competition. The preferences are given by:

()<

Solving this system yields the following demand function for firm i:

e\’ N Ve N 1/(-0)
cwrnr(3) o o[ oo ()
0 0

1/p
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where ¢ = 1/(1 — p). Using this inverse demand, we write the profit function as:

) 71/0
Tri(qi,wi,P,Q)ZP(g) ¢ — C(qi,w;).

Therefore, monopolistic competition with CES preferences is an aggregative game. However,
one drawback of CES preferences is that they imply a constant markup. The following demand
systems allow for markups that vary across firms.

S.2.3.2. Kimball Preferences

Kimball preferences, used by Klenow and Willis (2016), are implicitly defined by the fol-
lowing condition:

N
N

min/ P;q;di s.t /Y(%)dizl,
0 ) Q

where Q = fON ¢:di and Y (+) is a function such that Y (1) =1, Y’ > 0 and Y"(-) < 0. One
can derive the demand function by solving a standard cost minimization problem in which
prices and the aggregate quantity () are given. Let Z denote the inverse of the derivative of the
function Y'(-). Then, the demand function for firm i is given by:

y Py= z(OP
a(p@.Q.P) = 2(Q%) Q.
with P = fON pi%di and Q = fON Yy’ (%) %dz The profit function is given by
W(pivwia /\) = Q(pQO7QaP)pz - C(q(qua Q>P>7wz)

which depends on three aggregates, (), P and Q, and the cost parameters of firm :. Hence,
Kimbeall preferences also yield an aggregative game.

S.2.3.3. Quadratic Preferences
Quadratic preferences, used by Melitz and Ottaviano (2008), are defined by the following

preferences:
N N N 2
U(Q)=a/qidi—g/qi2di—Z(/qidi> :

0 0 0
Here, o and 1 govern substitution with the numeraire, while v measures product differentiation.
The inverse demand for each product : is then given by

piqi Q) = —vq; —1Q,

N

where () = f q;di is the aggregate. Using this inverse demand, we can express the profit func-
0
tion as:

W(inwi»Q) = (a — V4 — UQ)% - C(quz)»
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which satisfies the properties of an aggregative game.

S.2.3.4. Stone-Geary Preferences

In the Stone-Geary demand system, the corresponding utility function is given by:

N
U:/ aln(g; — ) di.
0
Maximizing this utility subject to the budget constraint yields the following inverse demand

function for firm 7:

_E-G
N(Qi - ’Y)

From this inverse demand, the firm’s profit function can be written as:

N N
pi(q:;, E,G) = with E:/ p;q; di  and G:/ iy di.
0 0

E-G
N(Qi—')/)

Thus, monopolistic competition with Stone-Geary preferences is aggregative.

Wi(Qi7Wi>E,G>: Qi_C(Qiawi)-

S.3. APPLICATION TO PARAMETRIC PRODUCTION FUNCTIONS

This section applies the identification strategy to specific functional forms. My model nests
five labor-augmenting production functions:

Yit = fr (Kit, he (K, w5 Lig, Mip)) + wif + et (Weak Homot. Sep.)
it = fe (Kit, he (wE Ly, M) + wH + e (Strong Homot. Sep.)
Yit = kit + fi (iitht (wk, Mzt)) +wi + e (Homogeneous)

v o
yir = —log <5ng‘t + (1= Be) (B [whLi] ™ + (1 = ) M) o ) +wl + €y (Nest. CES)

v
it = = 10g (1= B = ) KG + B (whiLie) T + B MG ) + 0l + i (CES)

where L-t = L;;/K;; in the homogeneous production function, which is obtained by dividing
the arguments of the production function by K;. I first illustrate how to estimate CES, Nested
CES, and homogeneous production functions with labor-augmenting productivity. Then, I show
the application of Imbens and Newey (2009) to the Cobb-Douglas model under Hicks-neutral
productivity. For simplicity, I omit the time subscripts from the production function parameters.
I maintain the assumptions in Section 2.2 except for the form of the production function.

S.3.1. Nested CES Production Function

We write the log of the Nested CES production function as:

Yit = glog (5kat + (1 — ﬂk) (Bl [wiLth‘t} o1 4 (1 — Bl)Mi‘Ttl)U/"l ) +wg + €;¢-
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By using its homotheticity, we can write the Nested CES production function as:
v r =4 o [oyen
Yir = VMyz + pu log (ﬁkK; + (1 - /Bk)(ﬁl [w'ﬁLit] t 4+ (1 - 51)) / 1) + wg + €54,

where K, := K;;/M;; and L = L;i /M and m;, := log(M;;). From the FOCs of cost min-
imization we have w% =~vL{~79/71 ‘where v = ((1 — 8,)pL/(Bip)) """ is a constant. Sub-

3

stituting this expression into the production function gives
/l] r F o/o
Yig = UMy + p log (Bngs + (1= Br)n (Lit + 72) / 1) +wi + e,

where v, = (37°1)°/7t and v, = (1 — 3;) /(B1y°*). This production function can be estimated
by replacing w! with its control function, which leads to the following estimating equation:

/l) g jod o/o
Yit = UMy + s log (BkKZt + (1= Br)n (Lit + ’72) / 1) + Cor(Wis—1,ufy, uly) + €51

In this equation, the levels of 3, and (1 — )y, cannot be separately identified from cy;(-)
because scaling these parameters by the same value becomes an additive constant (and hence
part of ¢y(+)) in a log production function. However, their ratio is identified. Next, we write
the elasticities of the flexible input and capital as:

(1= Be)nzy,
(1= Bu)mnmxd + BrKg’

Be K7,
(1= Bu)mnxd + BKg’

\ K __
0;, =v 0 =v

where x;; = Mit(iit + 72)1/"1. Note that 6, and 6% are identified using these expressions
as they depend only on the ratio of §; and (1 — (), rather than their individual values.
This result is the parametric counterpart of Proposition 4.1, which shows that only the sum of
labor and materials elasticities (6},) is identified from input and output data. However, labor
and materials elasticities can still be obtained from 6}; using the ratio of revenue shares as in
Equation (4.6).

S.3.2. CES Production Function

Using its homotheticity, we express the log of the CES production function as:
v =~ =~ o
Yit = UMy + p log ((1 — B — Bm) K5 + By [wiLtLit] + ﬂm) + wji + €3

The FOCs of cost minimization imply that w’ = ~L{; "/ where v is a constant that depends

7

on input prices and model parameters. Substituting this into the production function yields:
v ~ ~
Yir = UMy + p log ((1 — B — Bm) K+ 71 (Lie + 72)) + wii + €,

where v, := 776, and o := 3,,/(77 ;). The model parameters can be estimated using the
following equation:

v ~ ~
Yit = UMy + = log ((1 — Bi = Bm) K, + 71 (L + ”72)) + Cot (Wi, ugy, uly) + €3t
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As with the Nested CES model, we identify the sum of the flexible input elasticities and the
capital elasticity from the model parameters as follows:

o nes, g (1=Bi— K,
CT e A (=B AR T ot (- = Bn) K

where z,;, = Mit(fzit + 72)1/ . These elasticities are identified because they depend only on
the ratio of (1 — 8, — 8, ) and ;. In turn, labor and materials elasticities can be recovered from
6} using the revenue shares as in Equation (4.6).

S.3.3. Imposing Homogeneity Restriction on the Production Function

A production function homogeneous of degree v can be written as:
Yir = vk + ft(l, I:itht(wft, ]\Zflt)) +wli + €,
where Eit = L;;/ K;;. The reduced form of this production function is
Yir = vks + fi(Licho(My)) + wH + €,

where ft =f, (1, iit hy (Mn)) The identification results in Sections 3 and 4 apply to this model
once the homogeneity condition is imposed.

S.3.4. Application of Imbens and Newey (2009) to Cobb-Douglas Form

For illustration, I use a value-added production function under Hicks-neutral productivity,
since Ackerberg et al. (2015) showed that the gross Cobb-Douglas form with two flexible inputs
is not identified:

Yir = Bk + Bilis + wf{ + €44

I use the standard assumptions from the proxy variable literature: (i) productivity follows an
exogenous first-order Markov process P(w!l | Z;, 1) = P(wf | wi ), (ii) capital is a dy-
namic input while labor is a static input optimized each period, and (iii) the firm’s intermediate
input decision is given by m;, = s(k;;,w!l), which is strictly increasing in w}!. Using these
assumptions, I construct a control variable following the steps outlined in Section 3 as follows:

H

Wiy = g(wgflauit)a Uit | wi}tlfl ~ U(07 1) (518)

From the Markov Assumption, we have that w? Il Z;, ; |wf . Substituting w using Equa-
tion (S.18) we obtain g(w/? |, u;) AL Z;; 4 | wi |, which implies that w;, AL Ty 1 |wf .
Using this,
_ Hy _ H s
Mgy = S(kitawit) = S(kitag(wit_lauit)) = S(k?m kitflamitflvuit)'

Since s(k;;,w!l) is strictly increasing in w}! and g(wf |, u,;) is strictly increasing in w;;, 5(-)
is strictly increasing in u;,. It follows from Lemma 3.1 that

Uit | Eivymup—1, ki1~ U(O; 1)~ (5.19)
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Thus, we can recover u;, as the conditional CDF of my;: wyy = Fn,, (s | kits Mir—1, kiz—1).
In turn, this lets us construct a proxy for w’! as a function of (M1, ki1, uir):

Wﬁ = g(wg_puit) = g(sil(kit—lymit—l)auit) =1 (M1, Kir—1, Wit)-

Using this expression, we arrive at a partially linear model:
Yir = Brkie + Bilix + e (Map 1, kip—1, i) + €44 (5.20)

We can derive additional moment restrictions by exploiting the first-order Markov property of
wil. Specifically, using wil = co(wi_,) + & and E[¢;; | Zi, 1] =0,

Yir = Brkir + Bilis + co(Mmu—1, kie—1) + &t + €3, (8.21)

with E[&;; | Z;;—1] = 0. We can estimate the parameters (Sy, 5;) and functions ¢, (+), c(+) from
Equations (S.20) and (S.21) by using the following moments:

E[Qt | Eivy L, My, My 1, kit—huit] =0, E[&zt + € | ki, M —1, k?it—l] =0.

In this estimation, the parameters might be identified even if labor is a flexible input, expressed
as l;; = l(wH , k). The main difference between the control variable approach of Imbens and
Newey (2009) and the proxy variable approach lies in their conditioning variables: the proxy
approach conditions on an unknown function of (k;;, m;;), whereas the control variable ap-
proach conditions on u;,, a known function of (k;,,m;). Even conditional on u,, there may
still be variation in [;; linearly independent of k.

To illustrate this, suppose the firm’s labor choice is
liv= l(kit,wff) = l(k(kit—lawgfu Vit—1), (M1, ki1, uit))7

where ki, = k(ki;_1,wH |, v 1) defines the next-period capital via the firm’s investment de-
cision, and v;;_; is a vector of random variables (e.g., investment prices) influencing the in-
vestment decision. Substituting wf! | = s (k;;_1,m_1) we obtain

iy = l(kj(k’itfla 5_1(kit71,mit71), Vitfl)a C(mz’tfla k:itflauit))a
which yields [;; =: Z(k:z-t_l,mit_l,u,-t,Vz-t_l). In this example, even when conditioning on
(Kit—1,Mit_1,u;), the variables v;;_; could generate variation in labor independently of a
linear function of capital. Note, however, that this illustration depends on the parametric form
of the production function.

S.4. ADDITIONAL PROOFS
S.4.1. Proof of Proposition 4.3

In this proof, I omit time subscripts from all functions for notational simplicity. This proof
proceeds in two parts. First, I show that there exist two different sets of structural functions, h(:)
and 7(+), that produce the same values for (64,0 h, f). Second, I show that labor-augmenting
productivity, the output elasticity of capital, and the elasticity of substitution depend on A(-) and
7(-), implying that these quantities cannot be uniquely inferred from (6%, 62/ h, f). Starting
with the elasticities, note that 8% and 0 depend on the production function as follows:

eiLt = f2<')h2 (Kita (Kita Mit)aMit)'F(KitaMit)Lit (5.22)
‘t;Mit

/’7
0% = fo Vs (K, 7(Kig, Miy), My ) My, (S.23)
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where the arguments of f5(-)’s derivatives are omitted. Next, the derivatives of the reduced
form function h(-) are expressed as follows:

ho (K, Mit) = ho (K, 7(K i, Mig), My ) T2 (Kip, M) + ha (Kip, 7(Kie, Mit), My,
(S.24)

ha (Kip, Mig) = ha (Kip, 7(Kip, Mig), Mit) + ho (Kie, 7(Kip, Mig), Mg )71 (Kr, Myg).
(S.25)
The left-hand sides of Equations (S.22-S.25) are functions of (6,0 h, f). This raises the
question of whether the unknown quantities on the right-hand sides of Equations (S.22-S.25)
can be identified solely from (6%,0%  h, f). To investigate this, consider the true functions

zt’ it

h(-),7(-) and alternatives h*(-),7*(-) defined as:

hQ(Kitaf(KitaMz) M )f<Kzt7Mlt)T/( 1t)/T(K1t)7
h;(Kitvf(KitvMit)aM) hS(Kzta (KitaMit)aMit)v

where T'(K;;) is an arbitrary function and 7" (K;;) is its derivative. These true and alternative
functions lead to the same (65,0 h, f):

0050
01,/ fo = i (Ko, 7 (Kip, Myy), My )7 (K0, Mig) Ly
= ho(Kis, P(Kir, Mip), Miy)F(Kig, Mig) L,
01 | f2 = h5(Kig, 7 (K, Myg), Mig) Myp = hiy(Kiy, 7(Kig, M), Mig) My,
ha (K, M) = hi (Kig, 7 (K, My), My )75 (K iy, Mig) + B (Ko, 7 (Ko, Mig), Miy),
hQ(Km F(K. mM )y M) 7o (K i, Myg) + ha (K, 7(Kig, Myt), M),
ha (K, M) = 1 (K, 7 (K, My), Myg) + i (K, ¥ (K, Myy), Mig )75 (Ko, Miy),
=y (Ko, 7( Ky Myy), M) + ho (K, 7(Kiy, Miy ), Moy )7y (K gy Myy).

Hence, using (04,0 h, f) alone does not allow us to distinguish the original functions
(hy,ho,T1,To) from the alternatives (h,hi, 75, 75). Next, I show that labor-augmenting pro-
ductivity, capital elasticity, and the elasticity of substitution all depend on (hy, ho,71,72), SO

they cannot be inferred from (05,0 h, f).

ity Vit
Since wk = F(Kit,Mit) non-identification of r(Klit) immediately implies that w’ is
not identified. The capital elasticity depends on h, (+), 65 = Zt(f1—|—f2 1 (K, 7 (KmMn) M, )),
and therefore is not identified. Finally, to demonstrate that the elasticity of substitution is not
identified, observe that it is defined as o}'* = dlog(L;;/M,:)/0log(Fn/Fr,) where the ratio
of marginal products is computed as:

FL _ h(Kityf(KityMit>7Mit) M
I — ~ = — Wit-
Fy h3(Kit7T(Kit7Mit)aMit)



20

Using this, the elasticity of substitution between materials and labor is o't = L]éM .
it

d(Fp/F !
(<LZM)> , where the derivative is given by
dM;

d(FL/FM) _ h3(Kit7f(Kit7 Mit)pMit)Q - h(Kitaf(Kitu Mit)yMit)hSZi(Kitaf(Kita Mit)’Mit)
dMit h3(Kit7,F(Kit7Mit)7Mit)2

-1

7

which depends on A3 (K, 7( Ky, M), M,). This function is not identified because 7(K;;, M, )
and h(-) are not identified. Therefore, o}}'” is not identified. The elasticity of substitution for
other input pairs can similarly be derived, and it can be shown that they are not identified
because they depend on the derivatives of the function A(-).

S.4.2. Proof of Proposition 4.4

I drop time subscripts from all functions for brevity. If the production function takes the form
given in Equation (4.7), the labor and materials elasticities, as a function of f and h, can be
written as

0, = faha (f(Mz‘t), Mit)f(Mit)th, 95\;{ = fzhz(f(Mz‘t), Mit>Mit-

Since 1 already showed in Equation (4.6) that 6% and 6 are identified, the right-hand
sides of these equations are identified. The identification of 6} immediately implies that
ho(F(M,,), My,) is identified from (fo, 0;;). Taking the derivative of the reduced form function
h(-) with respect to M;,, and using h(M;,) = h(7(M;,), M;,), I obtain

W (M) = hay(F(My,), My )7 (Mig) + ho(F(My), M), (S.26)
where 7 (M;,) denotes the derivative of 7(M,,). Therefore, the right-hand side of Equation

(S.26) is identified from E(Mzt) by taking its derivative. Taking the ratio of foh! (M) —
62" /M, and 0%/ L;;, and denoting it by b(M;,):

b(M;r) :=

=

Jol! (VL) = 03 /Mo foln(F(NVL), M) (M) _ 7/ (M) _ Olog(r(Mi))
0%/ L Lol (F(VL), Mi)r(WL) — 7(WL) — OM

which implies that the derivative of log(r (M,,)) with respect to M;, is identified from
(0%,6M R, f). Thus, by integrating b(M;, ), we can recover log(7(M;,)) up to an additive con-
stant:

log(F(M.1)) = /M b(AT)dN +a.

M

Since wk = 7(M;,), and log(7(M;,)) is identified up to a constant, w’ is identified up to a
scale. Capital elasticity is also identified because it depends only on the reduced form functions
f and h/: 95 = fl(Kity thh(Mzt>)Kzt
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S.4.3. Proof of Proposition 4.5

L Fu/Fu <d(FL/FM))1,

If the production function takes the form in Equation (4.7), then o/ = =
M, dM;

where the derivative is given by

d(Fp/Fu)  ho(F(M;e), M;p)? — h(F(M), Mie) hoo (F(M;e), M)
dM;, R (7(

which depends on hoy(+). Since hoy(+) is not identified, o'~ is not identified. Similarly, one
can derive the elasticities of substitution for other input pairs, which also depend on the second
derivatives of h(-).

S.4.4. Identification of the Reduced Form Functions Under Weakly Homothetic Production
Function

In this section, I analyze the identification of the reduced form functions (f,, h,) obtained
from the weakly homothetic production function given in Equation (2.2). This analysis follows
the proof of Proposition 5.1 closely. While Proposition 5.1 showed identification of the reduced
form functions for the strongly homothetic production function F} (Kit, hi(wh Ly, Mzt)) this
section analyzes identification for the weakly homothetic production function F; (K ity P (K,
w,-Lth‘t, Mzt))

Since Section 4.2 showed that under the weakly homothetic production function, only the
sum of labor and materials elasticities is identifiable from the reduced form production func-
tions as 0}, := f (Kit, Lishe (K, Mit))Litﬁt(Kit, M), I focus on identification of f,,h, us-
ing the moment condition given in Equation (5.3). Under this functional form, Equation (B.10)
of Proposition 5.1 becomes

Ely |w,z,z,t] = f(w, zh(w,z)) + g(t, l(w, z,t), s(w, z,2,1)), (S.27)

where l(w,z,t) = Fyg. 1., wi,_, (M, | K;y,W;;_1) as derived in Equation (3.3) and (w, z, z, 1) :=
(K¢, L, M;,, Wii_1). s(+) and g(-) are defined in Proposition 5.1. Taking the derivative of
Equation (S.27) with respect to w, z and =, we obtain

yi(w,z,x,t) = f1 (w,zh(w,m)) + fo (w,zh(w,:r))hl(w,:r)z + g381(w, 2,2, t) + goly (w, , 1)

(S.28)
y?(wvzax7t) = f2 (w,Zh(’LU,JJ))h(UJ,.’L‘) + 9352(w,z,a:,t) (529)
yz(w,z,x,t) = fo (w,zh(w,m))hQ(w,m)z + gssz(w, z,2,t) + galo(w, x, t) (S.30)

where the arguments of g functions are suppressed for brevity. To eliminate g3, multiply Equa-
tion (S.29) by s3 /s and subtract the result from Equation (S.30), and multiply Equation (S.29)
by s; /s and subtract from Equation (S.28), yielding

S ~ Sa ~
mfimzﬁfiﬁ+wm (S.31)
2

y—*w fi— 1ﬁ+mh (8.32)
2
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where fo(w,z,2) = fo(w, 2h(w, 2))h(w,z), fs(w,z,2) = fo(w, zh(w,z))hs(w, )z, and
filw,z,x) == fi(w, zh(w,z)) + fo(w, zh(w,x))h, (w,z)z. To eliminate g,, multiply Equa-
tion (S.31) by /; and Equation (S.32) by [/, and subtract, we obtain

Q(wvzvxvt) = _ZQ fl(UJ,Z,-T) + ll fS(wvzax) + AfQ(wvz7x)7 (533)

where § =1, (y3 — z—gyg) —la(yr — z—;yg) and A := (lys; — 1183)/s2. Here 4, 11, lo, and A are
known functions and fl, f;, f3 are unknown functions of (w, z, x). A straightforward extension
of Lemma B.1 to three unknown functions implies that f2 (w, z, x) is identified from Equation
(S.33) under the assumption that the coefficient functions (—I,,;,A) have full rank as func-
tions of ¢ conditional on (w, z,z). By Proposition 4.2, the sum of flexible input elasticities
equals fo(w,z,x)z = fo(w, zh(w, z))h(w,z)z. Thus, the sum of elasticities is identified.

S.5. ESTIMATION DETAILS
S.5.1. Estimation Algorithm

This section outlines the estimation algorithm. First, we apply the data cleaning and variable
construction steps described in Section S.6 and denote the resulting sample as A. Next, remove
any observations with missing lagged inputs to form sample B. From sample B, extract the
subset of observations that lies within the rolling window 7,° denoting this new subsample B..
To estimate the control variable u?, for each it € B,, partition the support of M;; into 500
equally-sized bins (by observation count). Let ) denote the set of these grid points. For each
q € @, use logistic regression with a third-degree polynomial in (k,w,u) to estimate

Pr(M; < q| Kiy =k, Wi_y =w,ul, =u) = s;(q, k,w, u)
Then, for each it € B,, compute an estimate 4, of u3, = s;(M;;, Kir, Wiz _1,u;,) by evaluating
s; at the nearest grid point in Q) to M;,. This procedure yields estimates @2, for all observations
in B,. To estimate the production function, first approximate log(h, ) using a third-degree poly-
nomial:

log(ﬁt(M”)) = a1t + agtﬁ'bit + Clgt’l’h?t + G4tm?t, (834)

where {ajt};*:l are the parameters of the polynomial approximation. Set a;; = 0 to impose a

normalization because A, is identified up to a multiplicative constant. Define V;, := L;,h, (M,t)
and v, its logarithm. Approximate the production function as follows:

A~ 2~

Je (K, Lizhe (Mzt)) = by + borky + bStk?t + b4tk?t + b5 vy + b6tvi2t + b7tU?t (S.35)
+ bStkiQtvit + thkitvi + bioekitvie,

where {b;;};2, are the polynomial coefficients. Approximate the control functions cy(-)
and c3;(-) using a similar third-degree polynomial approach. For given values of {ajt};*:l,
{b;¢}12,, ¢2:(-) and é5,(+), construct the objective function from Equation (5.5) using the

second-degree polynomials of K;; and W, as {z;(K, Wit,l)}jzl instruments. Estimate

3The rolling window includes all observations within 7 years on each side of the midpoint year. For instance, a
three-year rolling window uses observations from ¢t — 3 to ¢ + 3.
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the production function by minimizing this objective function using the following nested op-
timization procedure. In the inner loop, for each value of {a;;}]_,, concentrate out the linear
parameters using the closed-form linear GMM solution to estimate {b;;}12,, é2,(-) and ¢ (-).
In the outer loop, apply an optimization routine to estimate {a;; }7_,. After estimating the pro-
duction function parameters, the next step is elasticity and markup estimation.

Select observations at the midpoint of the rolling window in sample A to form A.. For each
it € A,, calculate output elasticities and markups as follows: first obtain estimates of f(-)
and h(-) from the parameter estimates {a;;}7_, and {b;;}}2, in Equations (S.34) and (S.35).
With the estimates of f,(-) and h,(-), compute the capital elasticity of output and the sum of
the materials and labor elasticities, as specified in Equations (4.5) and (4.9). Next, given the
estimated éx and the revenue shares for labor and materials, use Equation (4.6) to estimate the
output elasticities of labor and materials. Then, calculate markups using 91‘; and the revenue
share of flexible input. To compute standard errors, resample firms with replacement from
sample A 250 times and repeat the entire estimation process.

I follow the same procedure to estimate the CES and nested CES models, applying the nec-
essary parametric restrictions.

S.5.2. Blundell and Bond (2000) Estimation Method

In this section, I present the dynamic panel method of Blundell and Bond (2000), which I use
in Section 8 to estimate Hicks-neutral production functions. Under the dynamic panel approach,
productivity shocks follow an AR(1) process: w/f = pw! | + v;;. Given this assumption, we
take the p-difference of the log production function, which yields:

Yit — PYir—1 =P (ki — pkir—1) + Bi(lit — plis—1) + B (Mt — pmie—1)+

H

H
Wit — PWip_q + €t — PE€ix—1.

Let v;, := w!l — pw | + €;; — pe;_1 be the composite error term. By construction, v;; is
orthogonal to the firm’s information set at ¢ — 1, that is, E[v;; | Z;;—1] = 0. To exploit this
orthogonality condition, define the following moment function:

Vit(/Bka Bi, Bms P) = Yit — pyit—l_ﬂk(kit - pkitfl) - ﬂl(lit - Plitq) - 5m(mz‘t - pmitfl)-

The moment conditions to estimate the parameters are given by:

]E [Vit (5k7 ﬁl; 5m7 p) (kita kitflu litfl ) mitfl),j| - 0
I estimate the translog production function similarly, imposing the following functional form:

Yit = Blkit + 62lz’t + ﬁ?:mit + 54]‘31'215 + ﬂ5li2t + ﬂﬁm?t"’
Brkiemie + Bsliemie + Bolirki + Wﬁ + €5¢-

S.6. DATA APPENDIX

This section describes the datasets used in the empirical analysis: the Chilean Annual Census
of Manufacturing (INE Chile, 1996), the Colombian Annual Manufacturing Survey (DANE
Colombia, 1991), the Indian Annual Survey of Industries (MOSPI, 2024), the Turkish An-
nual Surveys of Manufacturing Industries (TurkStat, 2024), and the Compustat North America
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database (S&P, 2019), with deflators from the NBER-CES Manufacturing Industry Database
(NBER, 2023). The summary statistics for each dataset are presented in Section S.8 of this
document.

S.6.1. Chile

Data from Chile are from the Chilean Annual Census of Manufacturing, Encuesta Nacional
Industrial Anual (ENIA), covering the years 1979 through 1996. This dataset includes all man-
ufacturing plants with at least ten employees. I restrict the sample to industries with more than
250 firms per year. I drop observations at the bottom and top 2% of the distribution of revenue
share of labor, revenue share of materials, or the combined flexible input for each industry to
remove outliers. I report each industry’s share in manufacturing in terms of sales and the num-
ber of plants for the first, last, and midpoint year of the sample in Table S.II. After sample
restrictions, five industries remain, covering around 30% of the manufacturing sector.

S.6.2. Colombia

The data for Colombia are from the annual Colombian Manufacturing census provided by
the Departamento Administrativo Nacional de Estadistica, covering the years 1977 through
1991. This dataset contains all manufacturing plants with at least ten employees. I restrict the
sample to industries with more than 250 firms per year on average and follow the same steps as
those used for constructing the Chile data to remove outliers. Table S.III shows that the number
of industries in the sample is nine, and the sample covers around 55% of the manufacturing
sector’s total sales.

S.6.3. India

The Indian data were collected by the Ministry of Statistics and Programme Implementation
through the Annual Survey of Industries (ASI), which covers all plants with at least ten workers
and those that use electricity, as well as those that do not use electricity but have at least 20
workers. The plants are divided into two categories: census and sample. The census sector
comprises all large plants and all plants in states classified as industrially backward by the
government. From 2001 to 2005, a large plant was defined as one with 200 or more workers;
however, starting in 2006, the definition was revised to one with 100 or more workers. All
plants in the census sector are surveyed every year. The remaining plants constitute the sample
sector, from which a random sample is surveyed each year. India uses the National Industrial
Classification (NIC) to categorize manufacturing establishments, a classification system similar
to those used in other countries. The industry definition has changed multiple times over the
sample period. I follow Allcott et al. (2016) to create a consistent industry definition at the NIC
87 level. For sample restrictions and data cleaning, I follow the approach outlined in Allcott
et al. (2016). Then, I restrict the sample to Census firms to follow them over time. My final
sample comprises industries with an average of more than 350 firms per year. I follow the same
steps as in the Chilean data to remove outliers. Table S.IV provides summary statistics.

S.6.4. Turkey

Manufacturing data for Turkey come from the Turkish Statistical Institute (TurkStat), which
maintains comprehensive plant-level records for the sector. TurkStat conducts the Annual Sur-
veys of Manufacturing Industries (ASMI), covering establishments with ten or more employ-
ees. I use a sample of ASMI for the period from 1983 to 2000. The main variables include



PRODUCTION FUNCTION ESTIMATION WITH FACTOR-AUGMENTING TECHNOLOGY 25

gross revenue, investment, the book value of capital, materials expenditures, and the number
of production and administrative workers. For variable construction, I follow Taymaz and Yil-
maz (2015). I restrict the sample to industries with more than 250 firms per year on average
and private establishments. I follow the same procedure as I do with Chilean data to remove
outliers.

S.6.5. Compustat

The Compustat data come from Standard and Poor’s Compustat North America database,
covering a period from 1960-2017. Although later data are available, the sample ends in 2017
because I use the NBER-CES Manufacturing Industry Database to deflate values in Com-
pustat, which is available only until 2017.* Since Compustat draws from corporate financial
statements, it requires more extensive data cleaning compared to other datasets. The clean-
ing process involves removing non-US incorporated firms, financial and utility companies (in-
dustry codes 4900-4999 and 6000-6999), firms with negative or zero values for key variables
(sales, employment, cost of goods sold, selling/general/administrative expenses), companies
with fewer than ten employees, and those without industry codes. The final sample includes
only manufacturing firms with NAICS codes 31-33. Variable construction follows the method-
ology detailed in Keller and Yeaple (2009), specifically their Appendix B, page 831. Unlike
the plant-level datasets, Compustat provides firm-level data and covers only public companies.
Industries are classified using two-digit NAICS codes. I follow the same procedure as in the
Chilean data to remove outliers.

S.6.6. Variable Construction

Labor: For Chile, Colombia, Turkey, and the United States, labor is measured using the number
of workers, while for India, it is measured using the total number of days worked. The labor
revenue share is calculated as the sum of total salaries and benefits divided by total sales for
the year.

Materials: For Chile, Colombia, India, and Turkey, materials input is computed as the sum
of total materials expenditures and the year-over-year change in inventory value. This nominal
value is converted to real terms using the industry-level intermediate input price index. For
Compustat, materials are calculated as the deflated sum of cost of goods sold, minus depreci-
ation and wage expenditures. The materials revenue share represents materials cost divided by
total annual sales.

Capital: For Turkey, the capital stock is constructed using the perpetual inventory method,
combining new investment with deflated capital from the last period to determine current cap-
ital levels. For Compustat, capital is measured as the deflated value of property, plant, and
equipment net of depreciation, using BEA satellite account deflators. For India, the capital
book value is deflated using an implied national deflator derived from “Table 13: Sector-wise
Gross Capital Formation” in the Reserve Bank of India’s Handbook of Statistics on the Indian
Economy. For Chile and Colombia, I follow Raval (2023).

Qutput: The output measure is calculated as deflated sales. For Compustat, it is net sales
from the Industrial data file. For other countries, sales are the total production value plus the
difference between the end-year and beginning-year value of finished goods inventories.

“The NBER-CES Manufacturing Industry Database can be found at https://www.nber.org/research/data/
nber-ces-manufacturing-industry-database.


https://www.nber.org/research/data/nber-ces-manufacturing-industry-database
https://www.nber.org/research/data/nber-ces-manufacturing-industry-database
https://www.nber.org/research/data/nber-ces-manufacturing-industry-database
https://www.nber.org/research/data/nber-ces-manufacturing-industry-database
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S.7. DETAILS OF ROBUSTNESS CHECKS
S.7.1. Estimation with Physical Quantity

One challenge in estimating production functions with physical quantities is the aggregation
of products for multi-product firms. To resolve this issue, I focus on single-product firms and
estimate the production functions of six relatively homogeneous products in Indian manufac-
turing industries. For this sample, I observe both the quantity of production and the price. These
products include Brick Tiles, Cotton Shirts, Biri Cigarettes, Black Tea, Parboiled Non-Basmati
Rice, and Raw Non-Basmati Rice. In this sample, products are relatively homogeneous and pro-
duced by a sufficient number of plants. Table S.VII lists the products, their units, the number of
firm-year observations, and their product codes. The product classification includes two types
of codes, ASICC and NPCMS, as the National Statistical Office of India revised its product
coding system in 2011.

To construct the sample, I follow Raval (2023) and include only plants that derive at least
75% of their revenues from one of these products. Product price for each firm is calculated by
subtracting reported sales-related expenses (excise duty, sales tax, and other expenses) from
gross value and dividing it by the quantity sold. To remove outliers, I exclude plants whose
prices are greater than 1.5 times or less than 50% of the median price for a given product-year.
Because each industry in this sample has fewer observations than in the main sample, I use a
five-year rolling window instead of a three-year window.

With this sample, I estimate product-level production functions. The main difference from
the estimation in the main text is that I use physical output quantities instead of deflated
revenues for Y;;. All other estimation procedures follow the methodology outlined in Sec-
tion S.5.1.

Figure S.7a presents the comparison of elasticities and markups when estimated with rev-
enues and quantities for the FA production function (left) and markup estimates from different
production functions (right). Elasticity comparisons suggest that using deflated revenues in-
stead of quantities introduces an upward bias in capital elasticity (118.3%), a downward bias
in variable elasticity (-1.7%), and a negligible bias in markups (-0.7%). Markup comparison in
the right panel reveals the same pattern documented in the main text: Hicks-neutral production
functions yield the highest markup estimates, and markup estimates decline progressively as
we move from Cobb-Douglas to nonparametric labor-augmenting productivity specifications.

S.7.2. Estimation when Controlling for Input Prices

This robustness check includes input prices for materials and wages as controls in the input
demand functions as described in the extension in Section S.1.

The Indian manufacturing data provide the nine largest inputs for each plant, along with their
product code, quantity, value, price, and unit. An “other” category encompasses inputs beyond
these nine. For each of the six industries used in the quantity production function estimation
in Section S.7.1, I identify the largest input by expenditure share. These main inputs remain
consistent across the years; however, their codes and, sometimes, their names changed in 2010
due to changes in the product classification coding system. To address this, I match the ASICC
(2001-2009) and NPCMS (2010-2014) codes for these inputs using the ministry’s concordance.
I exclude the year 2000 from the analysis because the largest input is listed as “Other basic items
(Indigenous)” for almost all industries.

3The product codes after 2010 can be found here. The crosswalk between the two product categories can be found
here.


http://www.csoisw.gov.in/cms/En/1027-npcms-national-product-classification-for-manufacturing-sector.aspx
http://www.csoisw.gov.in/cms/cms/Files/181.pdf
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I identify the input unit most commonly used across firms. Most firms consistently use the
same unit over time. For firms using different units, I perform appropriate conversions (e.g.,
kg to tonnes), which yield the input set and corresponding prices. For a small fraction of firms
(5-15% depending on industry) where the price of the main input is unavailable, I substitute
the industry-year average price.

I also calculate the average wage by dividing the total wage bill by the total number of em-
ployees. With these materials prices and wages, I follow the estimation procedure in Section S.1
and estimate markups by controlling for variation in input prices.

Results in Figure S.7b suggest that capital elasticity is biased upward (6.4%) and variable
elasticity is biased upward. There is also a 32.0% bias in average markup estimates. However,
the markup comparison results across different production functions are consistent with the
pattern documented in the main text.

S.7.3. Measurement Error in Capital

This section employs a simulation study to examine the impact of potential measurement
errors in capital input on empirical estimates. I assume that the observed data come from the
’true’ data-generating process and introduce errors to the observed data to generate simulated
data with measurement error in capital. Specifically, I add an independent and identically dis-
tributed error term to the capital input, drawn from a mean-zero normal distribution with a
standard deviation of one-tenth of the capital’s standard deviation in the data. After simulating
250 datasets with these measurement errors, I estimate output elasticities and markups for each
dataset and report their averages across 250 simulations.

Figure S.9 presents results alongside the original estimates. I find that measurement error
in capital reduces the output elasticity of capital and increases the output elasticity of labor in
most simulations. This suggests that the higher capital elasticity estimates obtained using the
factor-augmenting production function in Section 6.1 are unlikely to be driven by the impact
of measurement error in capital.

To examine how potential capital underutilization affects the empirical estimates, I analyze
firms’ energy consumption, assuming a Leontief production function relationship between cap-
ital and energy. This assumption enables me to infer the actual capital utilized by firms through
their energy consumption, as these inputs are expected to be proportionally related in a Leontief
production function. Since energy consumption data are available in the Chilean and Turkish
datasets, I restrict this robustness analysis to firms from these two countries. I first calculate the
true capital used by each firm using the electricity data, and then use these corrected capital
values instead of the observed values in production function estimation.

Figure S.8 compares the original estimates with those obtained using capacity utilization-
adjusted capital. The results indicate that this adjustment primarily affects capital elasticities,
while other elasticities and markups show small differences in magnitude but maintain similar
patterns across estimates. In Turkey, the capacity utilization correction preserves the compara-
tive patterns in capital elasticity estimates across production function specifications. However,
in Chile, the adjusted capital elasticity estimates are too small, possibly due to noise in the
electricity consumption data.

S.7.4. Estimation with Single Product Firms

When I estimate the quantity production function, I include plants that obtain at least 75% of
their revenue from a given product. This procedure still includes firms that are multi-product,
which can bias the markup and production function estimates. As a robustness check, I include
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the plants that receive at least 99% of their revenue from a given product, focusing on purely
single-product firms. The results reported in Figure S.7c suggest that capital elasticity is biased
upward (8.3%) and variable elasticity is biased upward (7.0%). There is also a 1.5% bias in
average markup estimates. However, the markup comparison results across different production

functions are consistent with the pattern documented in the main text.

Elasticity

Elasticity

Notes: Comparison of sales-weighted materials elasticities and returns to scale in each country generated by the
following production functions: (i) Cobb-Douglas (CD), (ii) Translog (TR), (iii) CES with labor-augmenting pro-
ductivity (CES-FA), and (iv) strongly homothetic production function with factor-augmenting productivity (FA). For
each year and industry, sales-weighted averages are calculated, and then simple unweighted averages are taken over
the years. The error bars indicate 95 percent confidence intervals calculated using the bootstrap method (250 resam-

ples).
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S.8. ADDITIONAL FIGURES AND TABLES

FIGURE S.1.—Additional Output Elasticity Estimates
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FIGURE S.2.—Distribution of Markups from Labor and Materials (Cobb-Douglas)
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Notes: This figure compares the distribution of markups implied by labor (black) and materials (red) elasticities for
each country from the Cobb-Douglas specification estimated using the Blundell and Bond (2000) method.
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FIGURE S.3.—Difference of Elasticity Estimates from FA and Other Models
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Notes: Each bar shows the difference between the elasticity estimates from the method indicated by the legend
color and the strongly homothetic production function with factor-augmenting productivity (FA) method. The
red bars represent the corresponding 95 percent confidence intervals, with standard errors computed using
bootstrap (250 resamples).
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FIGURE S.4.—Difference of Markup Estimates from FA and Other Models
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Notes: Each bar shows the difference between the markup estimates from the method indicated by the legend
color and the strongly homothetic production function with factor-augmenting productivity (FA) method. The

red bars represent the corresponding 95 percent confidence intervals, with standard errors computed using

bootstrap (250 resamples).
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FIGURE S.5.—Difference between Markup Estimates and Confidence Bands
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Notes: This figure shows changes in aggregate markups estimated using FA and CD (left panels) and the 95 percent
confidence intervals for their differences (right panels), calculated from bootstrap distributions (250 resamples).



PRODUCTION FUNCTION ESTIMATION WITH FACTOR-AUGMENTING TECHNOLOGY 33

FIGURE S.6.—Variance Decomposition of the Aggregate Log Markup Changes

% Markup Variance Explained by Elasticities [Jco WFA
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Notes: This figure shows the percent variance explained by elasticity changes in the variance decomposition of
aggregate log markup into revenue shares and elasticities, based on fix = Y w;¢ log(8:¢) — D> wir log(aut).

K2 K2
The covariance term is excluded, so the results represent the variance of the first term divided by the sum of the
variances of the first and second terms.



TABLE S.I
OUTPUT ELASTICITIES IN THREE LARGEST INDUSTRIES IN EACH COUNTRY

Capital
Labor
Materials

RTS

Capital
Labor
Materials

RTS

Capital
Labor
Materials

RTS

Capital
Labor
Materials

RTS

Capital
Labor
Materials

RTS

Industry 1 Industry 2 Industry 3
CD TR CES FA CD TR CES FA CD TR CES FA
Chile (311, 381, 321)
0.04 0.08 0.05 0.08 0.10 0.06 0.09 0.09 0.11 0.05 0.11 0.10
(0.00) (0.01) (0.01) 0.02)  (0.01) (0.02) (0.02) (0.05)  (0.01) (0.03) (0.02) (0.04)
0.14 0.09 0.11 0.10 0.23 0.24 0.19 0.18 0.32 0.25 0.19 0.18
(0.01) (0.01) (0.00) (0.00)  (0.02) (0.03) (0.01) (0.01)  (0.02) (0.03) (0.01) (0.01)
0.86 0.88 0.85 0.77 0.72 0.72 0.69 0.64 0.70 0.74 0.73 0.72
(0.01) (0.01) (0.01) 0.02)  (0.02) (0.03) (0.02) 0.04) (0.0 (0.03) (0.02) (0.04)
1.04 1.05 1.00 0.95 1.04 1.02 0.98 0.92 1.13 1.04 1.04 1.00
(0.01) (0.01) (0.01) (0.03) (0.01) (0.02) (0.02) (0.06)  (0.02) (0.02) (0.02) (0.06)
Colombia (311, 322, 381)

0.06 0.10 0.08 0.12 0.13 0.04 0.08 0.10 0.08 0.31 0.13 0.19
(0.01) (0.01) (0.01) 0.02) (0.02) (0.02) (0.01) (0.02) (0.02) (0.04) (0.01) (0.04)
0.18 0.14 0.11 0.11 0.47 0.35 0.30 0.28 0.34 0.28 0.26 0.21
(0.01) (0.01) (0.00) (0.00)  (0.01) (0.02) (0.00) 0.01)  (0.02) (0.03) (0.00) (0.01)
0.79 0.81 0.82 0.78 0.56 0.75 0.64 0.59 0.54 0.52 0.63 0.51
(0.01) (0.01) (0.01) (0.02)  (0.02) (0.02) (0.01) (0.02) (0.04) (0.03) (0.01) (0.04)
1.03 1.05 1.01 1.01 1.16 1.14 1.02 0.97 0.96 1.10 1.02 0.91
(0.01) (0.01) (0.01) (0.03)  (0.01) (0.01) (0.01) (0.03)  (0.04) (0.02) (0.02) (0.06)

India (230, 265, 213)

0.09 0.07 0.04 0.05 0.06 0.06 0.05 0.06 0.07 0.05 0.07 0.11
(0.02) (0.01) (0.00) (0.01)  (0.00) (0.01) (0.00) (0.01)  (0.02) (0.02) (0.01) (0.01)
0.34 0.01 0.06 0.06 0.09 0.04 0.08 0.08 0.36 0.15 0.18 0.18
(0.02) (0.01) (0.00) (0.00)  (0.01) (0.01) (0.00) (0.00)  (0.01) (0.02) (0.00) (0.00)
0.57 0.93 0.85 0.82 0.85 0.91 0.86 0.86 0.57 0.78 0.70 0.67
(0.02) (0.01) (0.01) 0.02) (0.01) (0.01) (0.01) (0.01)  (0.02) (0.02) (0.01) (0.01)
1.00 1.01 0.95 0.93 1.00 1.01 1.00 1.00 1.01 0.99 0.96 0.96
(0.02) (0.01) (0.01) (0.02)  (0.00) (0.00) (0.01) 0.01) (0.0 (0.01) (0.01) (0.01)

Turkey (321, 311, 322)

0.03 0.06 0.04 0.07 0.05 0.05 0.09 0.12 0.04 0.03 0.05 0.03
(0.00) (0.01) (0.01) (0.04)  (0.00) (0.01) (0.01) (0.03) (0.01) (0.01) (0.02) (0.03)
0.16 0.15 0.08 0.07 0.22 0.20 0.15 0.14 0.27 0.18 0.11 0.11
(0.00) (0.01) (0.00) (0.00)  (0.01) (0.01) (0.00) (0.00)  (0.01) (0.01) (0.00) (0.00)
0.83 0.85 0.85 0.81 0.81 0.81 0.77 0.71 0.71 0.85 0.87 0.87
(0.00) 0.01) 0.01) 0.02)  (0.00) 0.01) 0.01) 0.02)  (0.01) 0.01) 0.01) 0.02)
1.01 1.07 0.97 0.95 1.09 1.07 1.02 0.97 1.02 1.06 1.03 1.01
(0.01) (0.01) (0.01) 0.04) (0.01) (0.01) (0.01) (0.04) (0.01) (0.01) (0.02) (0.04)

US (33, 32, 31)

0.18 0.29 0.18 0.27 0.16 0.18 0.10 0.16 0.12 0.19 0.10 0.19
(0.02) (0.04) (0.03) 0.04)  (0.01) (0.02) (0.02) 0.04) (0.0 (0.02) (0.01) (0.02)
0.28 0.24 0.24 0.20 0.48 0.39 0.25 0.24 0.44 0.33 0.32 0.30
(0.02) (0.04) (0.01) (0.02)  (0.03) (0.04) (0.01) (0.01)  (0.02) (0.02) (0.00) (0.01)
0.57 0.51 0.60 0.51 0.37 0.45 0.64 0.63 0.43 0.47 0.64 0.62
(0.03) (0.03) (0.03) (0.06)  (0.02) (0.02) (0.02) (0.03)  (0.01) (0.02) (0.01) (0.02)
1.03 1.04 1.02 0.98 1.01 1.02 0.99 1.03 0.99 0.98 1.06 1.11
(0.01) (0.02) (0.03) (0.08)  (0.01) (0.02) (0.02) (0.04)  (0.00) (0.01) (0.01) (0.03)

Notes: This table presents a comparison of sales-weighted average output elasticities estimated using different methods: (i)
Cobb-Douglas (CD), (ii) Translog (TR), (iii) CES with labor-augmenting productivity (CES-FA), and (iv) strongly homo-
thetic production function with factor-augmenting productivity (FA). For each year and industry, sales-weighted averages
are first calculated, followed by taking simple averages across years. Numbers in each panel correspond to the SIC codes
of the three largest industries in each country. Bootstrapped standard errors are shown in parentheses (250 resamples).
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TABLE S.11
DESCRIPTIVE STATISTICS - CHILE

Share (Sales) Number of Plants

ISIC Industry 1979 1988 1996 1979 1988 1996
311 Leather Tanning and Finishing 0.17 0.19 0.2 1246 1092 984
381 Metal Products 0.04 0.04 0.04 383 302 353
321 Textiles 0.05 0.04 0.02 418 312 257
331 Wood Products 0.03 0.02 0.03 353 252 280
322 Clothing 0.02 0.02 0.01 356 264 217

Other Industries 0.69 0.69 0.69 1863 1588 1714

Notes: Descriptive Statistics for Chile. Columns 3-5 show each industry’s share as a percentage of sales
in the entire manufacturing industry for the first and last year, and at the midpoint of the sample. Columns
6-8 report the number of active plants in corresponding years. The last row provides information about

industries not included in the sample.

TABLE S.1II

DESCRIPTIVE STATISTICS - COLOMBIA

Share (Sales)

Number of Plants

ISIC Industry 1978 1985 1991 1978 1985 1991
311 Leather Tanning and Finishing 0.21 0.21 0.2 971 840 976
322 Apparel 0.03 0.03 0.03 667 862 842
381 Metal Products 0.04 0.04 0.03 594 478 534
321 Textiles 0.11 0.09 0.08 467 398 429
342 Cutlery, Hand Tools, and General Hardware 0.02 0.03 0.02 325 315 342
382 Laboratory Instruments 0.02 0.02 0.02 285 267 307
352 Farm and Garden Machinery and Equipment 0.06 0.07 0.09 287 257 305
369 Miscellaneous Electrical Machinery 0.03 0.04 0.03 299 257 267
356 General Industrial Machinery 0.02 0.03 0.04 197 252 341

Other Industries 0.45 0.45 0.46 2143 1958 2235

Notes: Descriptive Statistics for Colombia. Columns 3-5 show each industry’s share as a percentage of
sales in the entire manufacturing industry for the first and last year, and at the midpoint of the sample.
Columns 6-8 report the number of active plants in corresponding years. The last row provides information

about industries not included in the sample.
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FIGURE S.7.—Elasticity Estimates and Markups from Robustness Exercises

HFA [JFA (physical quantity output)

0o Em-x B[]

1.25

1.00

o
3
o

Estimates
o
(o]
o

0.00

1.0

Estimates

0.0

Variable

E

Markup

Markup

[JcD M Translog [JCES-FA BFA
1.5

1.4

1.3

1.2
1.1
1.0

(a) Quantity Production Function

EFA []FA (input price controls)

Capital Labor
== B
Capital Labor

Variable

r

Markup

Markup

[JcD [ Translog [JCES-FA WFA
1.5

14
1.3

1.2

: ifﬂﬁ

(b) Input Price Controls

B FA []FA (single—product firms)

== -E

Capital

Labor

Variable

it

Markup

Markup

[Jcb MTranslog [JCES-FA BFA
15

1.4

13

1.2
11
1.0

(c) Single vs Multi Product Firm Controls

Notes: Each panel shows results from a different robustness check. The left panels compare estimates from the
robustness-check specifications with the baseline empirical specification. The right panels show markup estimates
from different production functions in each robustness check specification. Panel (a) uses production functions with
output measured in physical quantities. Panel (b) controls for input prices in the production-function estimation. Panel
(c) includes only single-product firms. See Section S.7 of the Supplemental Appendix for details of these robustness

check specifications.
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TABLE

S.IV

DESCRIPTIVE STATISTICS - INDIA

Share (Sales) Number of Plants

NIC Industry 1998 2007 2014 1998 2007 2014
230 Other non-metallic mineral products 0.07 0.08 0.07 1392 1300 602
265 Measuring and testing, equipment 0.02 0.02 0.01 815 747 318
213 Pharmaceuticals, medicinal chemical 0.01 0.01 0.01 675 653 136
304 Military fighting vehicles 0.06 0.06 0.03 626 548 103
206 Sugar 0.04 0.04 0.06 457 408 280

Other Industries 0.79 0.79 0.82 8634 7945 2591

Notes: Descriptive Statistics for India. Columns 3-5 show each industry’s share as a percentage of sales
in the entire manufacturing industry for the first and last year, and at the midpoint of the sample. Columns
6-8 report the number of active plants in corresponding years. The last row provides information about

industries not included in the sample.

TABLE S.V
DESCRIPTIVE STATISTICS - US

Share (Sales)

Number of Firms

NAICS Industry 1961 1987 2014 1961 1987 2014
33 Manufacturing I 0.39 0.42 0.55 106 1090 564
32 Manufacturing II 0.51 0.47 0.3 80 378 196
31 Manufacturing I1I 0.1 0.12 0.16 35 149 84
Other Industries 0 0 0 0 0 0

Notes: Descriptive Statistics for the US. Columns 3-5 show each industry’s share as a percentage of sales
in the entire manufacturing industry for the first and last year, and at the midpoint of the sample. Columns
6-8 report the number of firms in corresponding years. The last row provides information about industries

not included in the sample.

TABLE

S.VI

DESCRIPTIVE STATISTICS - TURKEY

Share (Sales)

Number of Plants

ISIC Industry 1983 1991 2000 1983 1991 2000
321 Textiles 0.16 0.13 0.16 1017 945 1803
311 Food 0.12 0.12 0.11 1261 1120 1061
322 Apparel 0.02 0.05 0.04 300 831 800
381 Metal Products 0.04 0.04 0.04 650 542 834
382 Machinery 0.05 0.06 0.04 532 482 683
383 Electrical-Electronic Machinery 0.04 0.03 0.04 413 523 639
356 Plastic Products 0.08 0.07 0.07 309 312 402
352 Pharmaceuticals 0.08 0.09 0.12 331 286 428

Other Industries 0.4 0.42 0.39 2445 2230 2797

Notes: Descriptive Statistics for Turkey. Columns 3-5 show each industry’s share as a percentage of sales
in the entire manufacturing industry for the first and last year, and at the midpoint of the sample. Columns
6-8 report the number of active plants in corresponding years. The last row provides information about

the industries that are not included in the sample.
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FIGURE S.8.—Comparison of Estimates with and without Capacity Utilization
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Notes: This figure compares elasticity estimates from different production function specifications—CD, TR, CES-
FA, and FA—for Chile and Turkey. It shows baseline estimates as well as estimates obtained after correcting capital
stock for utilization. See Section S.7.3 for details on the estimation procedure.
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FIGURE S.9.—Comparison of Estimates with and without Measurement Error
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Notes: This figure presents results from the capital measurement error simulation exercise detailed in Section S.7.3.
For each country, four bars are shown: Cobb-Douglas (CD) and factor-augmenting (FA) estimates from the empirical
procedure described in the paper, alongside their counterparts with simulated measurement error (CD w/ Meas. Error
and FA w/ Meas. Error). The measurement error estimates are averages across 250 simulations, each obtained by
adding an i.i.d. mean-zero normal error (with standard deviation equal to one-tenth of the capital stock’s standard

deviation) to the capital input.
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TABLE S.VII

LI1ST OF PRODUCTS FOR QUANTITY PRODUCTION FUNCTION ESTIMATION

Products Included (Code)

Product Category Unit ObS  2000-09 (ASICC)  2010-14 (NPCMS)
Brick Tiles Tonnes 7500 29101 3732001
29102 3732007
. 12211-5 239130-3
Black Tea Kilograms 6902 2391308
Rice, Parboiled 12311 2316107
Non-Basmati Tonnes 6547 2316202
Biri Cigarettes Number of Cig. 5735 15323 2509001
Rice, Raw 12312 2316108
Non-Basmati Tonnes 2057 2316203
63428 2822203
63428 2822299
Shirts, Cotton Number of Shirts 3515 2822406
2822408
2823499

Notes: This table presents the list of products that were used to estimate the quantity-based production function.
The second column shows the unit of measurement, and the third column shows the number of firm-year
observations for each product. The final two columns list the product codes that are included in each product
category. The name of the products for each code can be found here.


http://www.csoisw.gov.in/cms/En/1027-npcms-national-product-classification-for-manufacturing-sector.aspx
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FIGURE S.10.—Heterogeneity in Output Elasticities (Nested CES)
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Notes: Panel (a) shows the average CoV of output elasticities estimated from the Nested CES specification. Panels
(b-d) display average output elasticities by firm decile. For each country, the average elasticity for each decile within
an industry-year is first estimated, and then these estimates are averaged across industry-year bins.
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FIGURE S.11.—Heterogeneity in Output Elasticities (Translog)
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Notes: Panel (a) shows the average CoV of output elasticities estimated from the Translog specification. Panels (b-d)
display average output elasticities by firm decile. For each country, the average elasticity for each decile within an
industry-year is first estimated, and then these estimates are averaged across years. In Panel (a), the average CoV of
capital elasticity in Turkey is implausibly high due to an outlier and therefore falls outside the y-axis range.



FIGURE S.12.—Distribution of Elasticities Estimated using FA Method
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